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Abstract 

In this paper we introduce the notion of weak operator and the theory of Yetter-Drinfeld modules over 
a weak braided Hopf algebra with invertible antipode in a strict monoidal category. We prove that the 
J^ ' class of such objects constitutes a non strict monoidal category. It is also shown that this category is not 

r — ' trivial, that is to say that it admits objects generated by the adjoint action (coaction) associated to the 

'nT . weak braided Hopf algebra. 
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1 

.i^.' Introduction 

The notion of Yetter-Drinfeld module was considered to deal with the quantum Yang- 
Baxter equation, specially in quantum mechanics (see [15J for a detailed exposition of its physical 
implications). Actually, every Yetter-Drinfeld module gives rise to a solution to the quantum 
Yang-Baxter equation, as was proved in |13] . and if ff is a finite Hopf algebra in a symmetric 
category C, the category ^^yD of left-left Yetter-Drinfeld modules is isomorphic to the category 
of modules over the Drinfeld quantum double, which was originally conceived to find solutions 
of the Yang-Baxter equation via universal matrices. Continuing with physical applications, any 
projection of a Hopf algebra provides an example of a Yetter-Drinfeld module (see [19j ) and this 
result is the substrate of the bosonization process introduced by Majid in [H] that gives, for a 
quasitriangular Hopf algebra, an interpretation of cross products in terms of quantum algebras 
of observables of dynamical systems, as well as in quantum group gauge theory. 

On the other hand, weak Hopf algebras (or quantum groupoids in the terminology of Nikshych 
and Vainerman |17j ) were introduced by Bohm, Nill and Szlachanyi in [^ as a new generaliza- 
tion of Hopf algebras and groupoid algebras. The main difference with other Hopf algebraic 
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constructions, such as quasi-Hopf algebras and rational Hopf algebras, is that weak Hopf alge- 
bras are coassociative but the coproduct is not required to preserve the unit or, equivalently, the 
counit is not an algebra morphism. Some motivations to study weak Hopf algebras come from 
the following facts: firstly, as group algebras and their duals are the natural examples of Hopf 
algebras, groupoid algebras and their duals provide examples of weak Hopf algebras; secondly, 
these algebraic structures have a remarkable connection with the theory of algebra extensions, 
important applications in the study of dynamical twists of Hopf algebras and a deep link with 
quantum field theories and operator algebras (see [17]), as well as they are useful tools in the 
study of fusion categories in characteristic zero (see |10)). The theory of Yetter-Drinfeld mod- 
ules for a weak Hopf algebra was introduced by Bohm in [8]. Later, Nenciu proved in [16j that 
this category is isomorphic to the category of modules over the Drinfeld quantum double (the 
interested reader can also see [9j). 

In [T] we can find the extension of Radford's theory for projections of Hopf algebras to projec- 
tions of weak Hopf algebras in a strict symmetric monoidal category C where every idempotent 
morphism splits. The main result of [1], extended to the braided setting in [5], assures that 
there exists a categorical equivalence between the category of isomorphism classes of projections 
associated to a weak Hopf algebra H and the category of Hopf algebras in the category of left-left 
Yetter-Drinfeld modules over H. To show this result, the authors introduced in |T] the notions of 
weak Yang-Baxter operator and weak braided Hopf algebra. Roughly speaking, a weak braided 
Hopf algebra in a strict monoidal category is an algebra-coalgebra with a weak Yang-Baxter op- 
erator, satisfying some compatibility conditions. This definition generalizes the one introduced 
by Takeuchi in |21| . i.e., the definition of braided Hopf algebra, and the classical notions of Hopf 
algebra and Hopf algebra in a braided category. Moreover, as particular instances we recover 
the definition of weak Hopf algebra and, if the weak Yang-Baxter operator is the braiding of a 
braided category, the notion of weak Hopf algebra in a braided monoidal setting is formulated. 
The first non-trivial example of weak braided Hopf algebras can be constructed by modifying 
the algebraic structure of a Hopf algebra D in the non-strict braided monoidal category j^yT) 
m\, Corollary 2.14]. In this case with these new product, coproduct, unit, counit and antipode 
D is not a Hopf algebra neither a weak Hopf algebra in the usual sense. 

In ID the authors proved that some relevant properties about projections associated to a weak 
braided Hopf algebra can be obtained without the use of a general braiding in the category 
where the weak braided Hopf algebra lives. This fact motivates the following questions: is it 
possible to establish a Yetter-Drinfeld module category for a weak braided Hopf algebra in a 
general strict monoidal category where every idempotent morphism splits? is it this category 
isomorphic to the center of some monoidal category of modules? The positive answer to the 
first question is the main contribution of this paper. To do it we introduce the notion of weak 
operator which constitutes a generalization of the concept of weak Yang-Baxter operator and is 
the key in order to define a non-strict monoidal category of Yetter-Drinfeld modules associated 
to a weak braided Hopf algebra. To illustrate this new notions we provide several examples of 
Yetter-Drinfeld modules in this general setting. A family of them comes from projections of weak 
braided Hopf algebras, while another collection is based on the use of the adjoint (co)action that 
in the weak setting is not in general a (co)module structure for the weak braided Hopf algebra. 

The organization of the paper is the following. In Section 1 the general framework is stated 
recalling the definitions of weak Yang-Baxter operator, weak braided bialgebra and weak braided 
Hopf algebra; then we introduce the notion of weak operator and obtain its main properties. In 
Section 2 we establish the definition of left-left Yetter-Drinfeld module over an arbitrary weak 



braided Hopf algebra D and prove that these objects constitute a non strict monoidal category, 
giving exphcitly all the required constraints and the base object. Section 3 is devoted to the 
study of projections and the relation between weak Yang-Baxter operators and weak entwining 
structures in terms of weak operators. Finally, in Section 4 we use the adjoint (co)action to 
obtain different examples of Yetter-Drinfeld structures starting from an arbitrary weak braided 
Hopf algebra and include the explicit computations for the particular cases of groupoid algebras, 
Frobenius separable algebras in a braided setting and projections of weak braided Hopf algebras. 



1. Weak operators 

In this paper we denote a monoidal category C as {C,(^,K,a,l,t) where C is a category 
and (g) (tensor product) provides C with a monoidal structure with unit object K whose asso- 
ciative constraint is denoted by a and whose left and right unit constraints are given by [ and r 
respectively. 

We denote the class of objects of C by \C\ and for each object M € \C\, the identity morphism 
by idM '■ M — )■ M. For simplicity of notation, given objects M, N, P in C and a morphism 
/ : M -^ iV, we write P (g) / for idp (g) / and / P for / (g) idp. 

From now on we assume that C is strict and every idempotent morphism in C splits, i.e. for 
every morphism Vy : Y —^ Y such that Vy = Vy o Vy there exist an object Z (called the image 
of Vy) and morphisms iy '■ Z ^^Y and py '■ Y —^ Z such that Vy = iy opy and py oiy = idz- 
There is not loss of generality in assuming the strict character for C because of it is well known 
that given a monoidal category we can construct a strict monoidal category C** which is tensor 
equivalent to C (see [12] for the details); neither in assuming that C admits split idempotents, 
having into account that for a given category C there exists an universal embedding C ^ C such 
that C admits split idempotents, as was proved in |12| . 

A braided monoidal category C means a monoidal category in which there is, for all M and 
A^ in C, a natural isomorphism cm,n : M ® N ^ N ® M, called the braiding, satisfying the 
Hexagon Axiom (see |11| for generalities). If the braiding satisfies cn^m ° cm,n = idM^N for all 
M, A^ in C, the category will be called symmetric. 

Definition 1.1. An algebra in C is a triple A = {A,r]A,^^A) where A is an object in C and 
rjA '■ K ^ A (unit), ^ia : A(^ A ^ A (product) are morphisms in C such that ^a o {A® tja) = 
idA = fJ.A° iVA ^ A), fiA° {A(^ ^a) = fJ-A° ifJ-A ^ A). Given two algebras A = (A, r]A, fJ^A) and 
B = {B, rjB, /ifi), f : A^ B is an algebra morphism if f o r]A = iib, fJ-B o if ® f) = f o ^a- 

A coalgebra in C is a triple D = (D, Ed^^d) where D is an object in C and ed '■ D —^ K (counit), 
5o '■ D ^f D®D (coproduct) are morphisms in C such that {ed®D)oSd = ido = {D®ed)°5di 
{6d®D)o6d = {D®5d)°5d- li D = {D,ed,Sd) and E = {E,ee,5e) are coalgebras, f : D ^- E 
is a coalgebra morphism if e^; o / = ed, if ^ f) ° 5d = Se o /■ 

If A is an algebra, i? is a coalgebra and a : B —^ A, 13 : B —^ A are morphisms, we define the 
convolution product by a A /3 = fiA o (a (g /3) o 5^. 

If {D,r]B), fj,B)) is an algebra in C, the pair {M,lpm), with M € \C\ and ipM ■ D ® M —^ D is 
said to be a left D-module if ipM ° {r}D ^ M) = idM and ipM o (D ^m) = fM ° if^D "g M). 
Given two left I?- modules {M,ipM) and (N,ipn), f : M ^ N is a morphism of left D- modules 
if </?Ar o (D (g /) = / o (pM- 

If {D,ed,Sd) is a coalgebra in C, the pair (M, qm) with M S \C\ and qm : M ^f D ® M is 
said to be a left L'-comodule if [ed <g M) o g^ = id^i and (D g) qm)° Qm = {^D ^ M) o g^. Given 



two left L'-coinodules (M, qm) and (N, qn), / : M — )• A^ is a morphism of left D-comodules if 
Qn ° f = (D <E> f) o Qm- The notions of right Z)-(co)niodule are defined analogously. 

Definition 1.2. Let D be in C and let tD^D : D(^D^D(^Dhea. morphism in C. We will say 
that tD,D satisfies the Yang-Baxter equation if 

{tD,D (^D)o{D® tD,D) o {tD,D ® D) = {D (g) tD,D) ° {tD,D O -D) o (D ® tD,D)- (1) 

Weak Yang-Baxter operators are generalizations of Yang-Baxter operators (see [llj) and were 
introduced by Alonso, Gonzalez and Rodriguez in pLJ- In |5] we prove that one axiom of the 
original definition can be dropped. We rewrite the improved definition: 

Definition 1.3. Let D be in C. A weak Yang-Baxter operator is a morphism t_D,D : -D ® D ^ 
D ^ D in C such that: 

(al) tD,D satisfies the Yang-Baxter equation. 

(a2) There exists an idempotent morphism V d,d : D ® D ^ D D satisfying the following 
identities: 

(a2-l) (Vd,d ^D)o{D(B) Vd,d) = (D Vd,d) o (Vd^d ® D), 

(a2-2) {Vd,d ^D)o{D0 Id^d) = {D ^ Id^d) o {Vd,d ® D), 

(a2-3) {tD,D <^D)o{D^ Vd,d) = {D ^ Vd,d) o {tD,D O D), 

(a2-4) tD,D ° '^D,D = ^D,D o tD,D = tD,D- 
(a3) There exists a morphism t^^ : D ^ D —?■ D ® D such that: 

(a3-l) The morphism pd,d ° tD,D ° iD,D : D x D —^ D x D is an. isomorphism with inverse 

Pd,d °i'D d° '^d,d : D X D ^ D X D, where pd.d and iD,D are the morphisms such 

that iD,D °Pd,d = ^D,D and pd,d °'i-D,D = id^xD being D x D the image of V d,d- 

(a3-2) t'j~ij~, o Vd,d = ^ D,D ° t'^^D = *D,D- 

Note that if '^ d,d = ido^D then tD,D is an isomorphism and we recover the definition of 

Yang-Baxter operator introduced by Joyal and Street in (llj . Also, by [[1], Definition 1.2 and 

Proposition 1.3], we get that tD,D is a weak Yang-Baxter operator with associated idempotent 

^D,D if and only if so is t'j^ jj- Moreover, in this case 

t D,D ° iD,D = tD,D ° t D,D = ^D,D- (2) 
Finally, using the identities (2)-(5) of [T] we obtain: 

{D (g, tD,D) o {tD,D (gD)o{D(S) t'ojj) = {t'ojj ®D)o{D® tD,D) o {tD,D ® D), (3) 

{tD,D ®D)o{D® tD,D) o {t'o^D ®D) = {D® t'ojj) o {tD,D D) o {D tD,D), (4) 

{D t'^jj) o {t'^^^ 0D)o{D(E) tD,D) = {tD,D (E)D)o{D(g t'o^o) o (4^^ ® D), (5) 

{t'o^D (gD)o{D® t'o^o) ° {tD,D ^D) = {D(g, tD,D) o (4,^ C^ D) o {D C^ t'oo). (6) 

Examples 1.4. (1) In this first example we assume that C is symmetric. The categories of 
Yetter-Drinfeld modules over weak Hopf algebras provide non-trivial examples of weak Yang- 
Baxter operators. A weak Hopf algebra H is an object in C with an algebra structure (i?, r/j^, jjlh) 
and a coalgebra structure {H,£h,Sh) such that the following axioms hold: 

(i) 5ho llH = {iJi-H ® fJ'H) o{H (gi CH,H 'S>H)o {6h (X) Sh), 
(ii) Eh o fj,H o ifJ-H '^ H) = {eh ® £h) ° {fJ'H <8) /^h) o {H iSi 6h '^ H) 

= (eh f^ £h) o (mh <8) /in) o (iJ (g) {cH,H o Sh) (8) H), 
(iii) {6h H) o 5h o rjH = {H iS) fiH <^ H) o {5h <8) Sh) o {vh ® Vh) 

= {H ® {fiH o ch,h) i?) o {6h (8) Sh) o {r]H <» Vh)- 



(iv) There exists a morphism Xh : H ^ H in C (called the antipode of H) verifiying: 
(iv-1) idn /\Xh = {{sh o fin) H) o {H ch,h) o {{5h o Vh) ® H), 
(iv-2) Xh a idn = {H (g) {en o fiH)) ° {ch,h (S> H) o {H (g> {6h o Vh)), 
(iv-3) Xh a idn A Xh = Xh- 

If we define the morphisms Uj^ (target), U^ (source), as 

n^ = {{eh o hh) '^H)o{H(^ ch,h) o {{Sh o vh) O H), 

ng = (i7 (g) {eh o /Uh)) o {ch,h 'E)H)o{H(g) {6h o m)), 
it is straightforward to show that they are idempotent. 

The first family of examples of weak Hopf algebras carries from the theory of groupoid algebras. 
Recall that a groupoid G is simply a small category where all morphisms are isomorphisms. In 
this example, we consider finite groupoids, i.e. groupoids with a finite number of objects. The 
set of objects of G, called also the base of G, will be denoted by Go and the set of morphisms 
by Gi. The identity morphism on x € Gq will be denoted by idx and for a morphism a : x ^ y 
in Gi, we write s{a) and t(a), respectively for the source and the target of a. 

Let G be a groupoid and R a commutative ring. The groupoid algebra is the direct product 
in R-Mod 

RG= ^ Ra 

aeGi 

where the product of two morphisms is equal to their composition if the latter is defined and 
otherwise, i.e. URcir (8 cj) = r o a if s(r) = t{a) and ij,rg{t cr) = if s(r) / t{a). The 
unit element is Irq = X^^-gg idx- The algebra RG is a cocommutative weak Hopf algebra, with 
coproduct Srgi counit Erg and antipode Xrg given by the formulas: 

SRG{cr) = a (^ a, ERG{cr) = I, XRGicr)=a~^- 

For the weak Hopf algebra RG target and source morphisms are respectively, 

and Xrg o Xrg = idRG- 

If {M,(Pm) and {N,(pi\i) are left i:/^-modules we denote by <pm^n the morphism (fMi^N '■ 
H (^M (^N ^ M (gN defined by 

V^M^TV = i^M <Xi ^Pn) o {H (^ CH,M fSi N) o (Sh (Xi M (g) A^). 

For two left i/-comodules {M,qm) and {N,g]\f), we denote by qm^n the morphism qm^n '■ 
M®N^H®M®N defined by 

QM(^N = {fJ-H (S) M (g) N) o {H CM,H (E)N)o [qm ® qn)- 

Let (M, (/9m), {N^'-Pn) be left i7-modules. The morphism 

Vm^jv = P^M®N o{r]H®M®N):M®N^M®N 

is an idempotent. In this setting we denote by M x A^ the image of ^ m®n and by pm®n '■ 
M 1^ N ^- M X N, iM^N : M X N ^ M ® N the morphisms such that im^n ° PM®N = '^ M®N 
and Pm®n ° ^m^n = idMxN- It is not difficult to see that the object M x A'^ is a left if -module 
with action (fMxN = Pms^n ° 'Pm^n o {H ^ iM^N) : H^MxN^MxN. 
In a similar way, if (M, qm) and (N, ^^r) are left ii-co modules the morphism 

VM®iv = {en (S) M (E) N) o qm^n : M ® N ^ M ® N 



is an idempotent. We denote by M A^ the image of V^j^^ and by p'f^i^jy : M ^ N —^ M Q N, 
^'m®n -MQN ^ M(g)Ntlie morphisms such that i'M^N°P'Mm = ^Mm and p'Mm°^'Mm = 
idMQN- III a similar way to the preceding case, M A^ is a left f/^-comodule with coaction 
QM&N = {H(^ PMm) ° eum ° i'u^N ■ M QN ^ H ®{M QN). 

We shall denote by ^yD the category of left-left Yetter-Drinfeld modules over H, e.g.; 
{M,ipM, Pm) is an object in j^yD if (M, (/?j\/) is a left i?-module, {M,pm) is a left ff-comodule 
and 

(ydl) pM = il^H ® Vm) o (iJ CH,H M) o {Sh Pm) o {r]D M). 
(yd2) {pH (8)M)o{H^ cm.h) ° {{pM o <Pm) CS H) o {H (^ ch,m) o {5h M) 

= {pH (Pm) o (iJ CH,H M) o (5^ pm). 
Let M, A^ be in j^yD. The morphism / : M — > A^ is a morphism of left-left Yetter-Drinfeld 
modules if / o ip^ = ip^ o (D /) and (L> /) o p^ = p^ o f. 

If (M, (/j^f , g^f) is a left-left Yetter-Drinfeld module over H then it obeys the following equality 
[[1], Proposition 1.12]: 

VM(2DAf = V'jvfcgAr. (7) 

Then if the antipode of H is an isomorphism the category ^yD is a non-strict braided monoidal 
category. We expose briefly the braided monoidal structure. 

For two left-left Yetter-Drinfeld modules (M, ipM, Qm), {N, ^pn, Qn) the tensor product is de- 
fined as the image of Vm^at. By ^, M xN = MQN and this object is a left-left Yetter-Drinfeld 
module with the following action and coaction: 

fMxN = PA-mN o fM^N o (/f Im^n) 

QMxN = (H 0PMiX)Af) ° QM®N ° U-mN- 
The base object is the image of the target morphism denoted by Hl, which is a left-left 
Yetter-Drinfeld module with (co)module structure 

^Hl = PL ° PH ° {H ® Zl), QHl = {H ®Pl) oSho Zl, 
where pi : H ^ Hl and i^ : Hi — )• H are the morphisms such that Hfj = il ° PL and 

PLoiL= iduL ■ 

The unit constrains are: 

hi = ^M o {iL M) o iHi^(X)M : HlX M -^ M, 

tM = <PM o CM,H o {M {lifj oiL))o iu^HL : M X Hl ^ M. 
These morphisms are isomorphisms with inverses: 

Im = PHLfSM o {PL «) (Pm) o {{Sh or]H) ® M) : M ^ Hlx M, 

^M = Pm®Hl ° {^M Pl) o (i? ch,m) ° {{^H o ijh) <S) M) : M ^ M X Hl- 
If M, N, P are objects in the category ^yD, the associativity constrain is defined by 

aM,N,P = P{MxN)(g)P ° {PM®N P) o (M iN®p) o iM(X,(NxP) : M X {N X P) ^ {M X N) X P. 
and its inverse is 



a 



-1 

M,N,P 



PM^(NxP) ° (M 0pAr55p) o (^M^iV -P) o i(AfxiV)®P : {M X N) X P ^ M X {N X P). 



If 7 : M — )■ M' and (j) : N ^!- N' are morphisms in the category, we define 

7X0= pM'xN' o (7 0) o iM-^N : M X N ^ M' X N', 



that is a inorphism in j^yD and 

(V X <P') o{-f X(P) = (7' O 7) X (0' O (P), 

where 7' : M' -> M" and ((>' : N' ^ N" are morphisms in I^J^P. 
Finally, the braiding is 

TM,N = PN®M o iM,Af ° IM^N : M X N ^ N X M (8) 

where 

tM,N = iv>N (8) M) o (i7 (g) CAf,7v) o (qm N) : M (E) N ^ N ^ M. (9) 

The morphism ta/^at is a natural isomorphism with inverse: 

'^M,N = P^MN o iA/,Ar o «Af®M :iVxM^MxiV (10) 

where 

*M,7V = C7V,A/ o i'^N (8) M) o (cat^h «> M) o (A^ (g) A^^ (g) M) o{N ® qm). (11) 

By [|l1], Proposition 1.15] we have that given {M,ipM, Qm) in h^^^ *^^ morphism tAf,M : 
M (g) M -^ M (g) M defined in (0) by 

tM,M = i^M (g) M) o (iJ (g CAf,Af ) o (^M «) M) 
is a weak Yang-Baxter operator where by (ITT]) we have 

4f,M = CM,M o (V'M (^ M) o {CM,H (g M) o (M (g A^^ (g M) o (M (g £>Af ) 

and \/ M,M = ^ M®M- 

A similar result can be obtained by working with Yetter-Drinfeld modules associated to a 
weak Hopf algebra in a braided monoidal category (see [5] for the details). 

(2) Let D be in C where every idempotent morphism splits. \{ Q. : D ® D ^ D ® D \s sn 
idempotent morphism such that 

{VL®D)o{D®Vt) = {D®n)o{VL®D) (12) 

then n is a weak Yang-Baxter operator where tD,D = t'o D ~ ^ D,D = ^■ 

Then, as a consequence of (a2-l), the idempotent morphism ^ d,d of Definition 11.31 is an 
example of weak Yang-Baxter operator. 

It is possible to construct more examples of this kind of weak Yang-Baxter operators working 
with exact factorizations of groupoids. Previously we recall the definition of wide subgroupoid. 
A groupoid i:f is a wide subgroupoid of a groupoid G if -ff is a subcategory of G provided 
with a functor F : H —^ G which is the identity on the objects, and it induces inclusions 
homH{x,y) C homG{x,y), i.e., it has the same base, and (perhaps) less arrows. 

Let G be a groupoid. An exact factorization of G is a pair of wide subgroupoids of G, H and 
V , such that for any cr € Gi, there exist unique ay G Vi, an G -f^i, such that a = an ° cry- 

If G is a groupoid with exact factorization we define 

n:RG®RG^RG(g)RG 

as 

^{a t) = an ^ Ty. 
Then is an idempotent morphism satisfying (|12p and then it is a weak Yang-Baxter operator. 

(3) In this example we assume that C is braided. Let D be an algebra in C. Then the 
idempotent morphism 

^ = r/D g) {fiD o cd,d) : D®D ^ D®D 



does not satisfy (|12p but it is a weak Yang-Baxter operator where 

tD,D = tD,D = ^ D,D = ^• 
Also, if D is a coalgebra in C, the idempotent morphism 

9.' = £d® {cd,d o 6d) ■■ D (E) D -^ D (E) D 
is a weak Yang-Baxter operator where 

tD,D = tj^D = V D,D = ^ • 

Now we recall the definition of weak braided bialgebra and weak braided Hopf algebra intro- 
duced by Alonso, Gonzalez and Rodriguez in |JLj (see also |i6j). The interested reader can see the 
main properties in [[2], Section 2]. 

Definition 1.5. A weak braided bialgebra (WBB for short) D is an object in C with an algebra 
structure {D,r]£), fi^) and a coalgebra structure [D^ed^^d) such that there exists a weak Yang- 
Baxter operator t/?./) : D®D —^ D<^D with associated idempotent V d,d satisfying the following 
conditions: 

(bl) We have 

(bl-1) hdoVd,d = fJ-D, 

(bl-2) Vd,d o {hd 0D) = {fiD 0D)o{D(g) \7d,d), 

(bl-3) Vd,d oiD(E) iid) = iD(S) hd) o i'^D,D ® D). 
(b2) We have 

(b2-l) Vd,d o 5d = Sd, 

(b2-2) {Sd D) o Vd,d = {D ® Vd,d) o (<5d ® D), 

(b2-3) {D Sd) o Vd,d = (yD,D (^ D) o (D Sd)- 
(b3) The morphisms ^d and Sd commute with tD,D, i-e., 

(b3-l) tD,D o {flD ®D) = {D® [Md) ° {tD,D ®D)o{D® tD,D), 

(b3-2) tD,D o{D0 fiD) = (/iD 0D)o{D(E tD,D) o {tD,D ® D), 

(b3-3) {Sd 0D)o tD,D = {D ^ tD,D) o (tD^D (8) D) o (L> O Sd), 
(b3-4) {D O Sd) o tD,D = {tD,D (S) D) o {D ® tD,D) o {Sd ® D). 
(b4) Sd o fJ-D = {fJ-D iXi fJ-D) o {D (g) tD,D ^ D) o {Sd (8 Sd)- 
(b5) EDO fJ-D° {fJ-D ^D) = {{ed o /iz)) (E) {ed ° fJ-o)) o {D Sd (E D) 

= {{£d o IJ-d) ^ (ed o fiD)) o{D(E {t'^D ° ^d) ^ D). 
(b6) {Sd ® D) o Sd ° rjD = {D ® ^d ® D) o {{Sd o iid) 'i^ {^d ° Vd)) 

= {D0 {fiD o t'^jj) (E D)o {{Sd o tjd) (E {Sd ° Vd))- 
A weak braided bialgebra D is said to be a weak braided Hopf algebra (WBHA for short) if: 
(b7) There exists a morphism Xd : D —?■ D in C (called the antipode of D) satisfying: 
(b7-l) idD AXd = {{eo o fJ-o) (E D) o {D (E tD,D) ° {{^d ° Vd) <8) D), 
(b7-2) Ad a idD = {D (E {ed ° tJ-o)) ° {tD,D (E D) o {D (E {Sd ° Vd)), 
(b7-3) Xd a idD /\ Xd = Xd- 
Let D, B be WBHA. We will say that f : D —^ B is a morphism of WBHA if / is an algebra 
coalgebra morphism and tB,B o (/ (X" /) = (/ O /) o tD,D and t'^^^ o (/ /) = (/ (g) /) o t'^^j. 

Examples 1.6. (1) Suppose that C is symmetric and tD,D = ^z? z? is the braiding of the category. 
Then if Z? is a WBHA V d.d = idD^D and we obtain the well known definition of weak Hopf 
algebra [Examples ll.4| (1)]. 



(2) Now we assume that C is a braided category with braiding c and iu.D = cd,d and 
i^ ^ = c^ £)■ Then S/d,d = idn^D and we say that D is a weak Hopf algebra in C (see [1] 
and [2] ) . Obviously, classical Hopf algebras are weak Hopf algebras in this setting and it is not 
difficult to see that braided Hopf algebras considered by Takeuchi in [21j are examples of weak 
braided Hopf algebras. 

(3) Let the category C be symmetric and let i7 be a weak Hopf algebra with invertible antipode 
in C. We know [Examples II. 4 1 (1)] that the category of left-left Yetter-Drinfeld modules h^^ ^^ 
a non-strict braided monoidal category. 

An object [A, ipA^ Qa) ^ ^y^ is called an algebra if there exist morphisms ua '■ Hi — )■ A and 
ruA : Ax A^ Am HyV such that 

ruA o {uA X A) ol^ = idA = ruA o (^ x ua) o r^ , (13) 

rriA ° {rnA x A) o aA,A,A = "^A o (^ x uia)- (14) 

In a dual way, (C, ipc, Qc) ^ H^^ ^^ ^ coalgebra if there exist morphisms ec '■ C ^ Hi and 
Ac ■■ C ^ C xC in ^yV such that 

ic ° (ec X C) o Ac = idc = xc o {C x ec) o Ac, (15) 

{C X Ac) oAc = ac,c,c o {Ac x C) o Ac. (16) 

A Hopf algebra D in ^^^ ^^ ^^^ algebra-coalgebra in ^^^^ {D,U£),m£,,e£),AD) with a 
morphism A/j : D ^ D in ^yD (called the antipode) such that 

(i) Ad o mo = {mo x m^i) o aD,D,DxD o {D x a^|^^^) o (D x {td,d x D)) o {D x aD,D,D)° 

^d]d,DxD ° i^D X Ad), 
(ii) Adoud = {uD X ud) o [^^, 

(iii) mr) o [D x A/j) ° ^d = "i-d ° (A_d x D) o Ad = xd ° {ud x e^) o [^ • 
If we define rio = udoPlo Vh, fJ-D = mo opn^D, ed = £H°iL° eo and 5d = io^D ° ^D, we 
have that [D,rjD,^^D,£D,^D,^D) is a WBHA in C [[1], Corollary 2.14]. Note that this example 
is non-trivial, i.e., D is not a Hopf algebra neither a weak Hopf algebra in the usual sense. For 
example, if we assume £d ° H'D = £d ®^D we obtain that Ilfj = Eh ® rjH, or equivalently, H is a 
Hopf algebra in C [[1], Remark 2.15]. By an analogous calculus, if "qo^ilD = ^D ° VD, we obtain 
that H is a Hopf algebra. Moreover, if Ad A id^ = Ed^^Id we have ud oen = r}D°£D and then 
idu^ = Pl° Vh °Eh o^l- Therefore, n|^ = £h 'S> rjn and we obtain that H also is a Hopf algebra. 
Finally, D is not a weak Hopf algebra since the condition (i) is equivalent to 

Ad o TJlD = PD,D o if^D ® Md) o (-D ® tD,D ^ -D) o {6d ^ Sd) o iD,D, 

[[I], Proposition 2.8] and this one does not imply 5/) o /^d = (M_D'X'AiD)°(-D®CD,D'X'-C')o((^D'X'(5D) 
where cd,d is the symmetric braiding of C. 

1.7. Let D be a WBB. The following identities hold (see [3]) 

tD,D o ir]D <S)D) = Vd,d o{D(S) r]D) = t^^D ° (vd 'S) D), (17) 

tD,D o{D0 ijd) = Vd,d o (vd 0D) = t'^jj o{D(S) -qo), (18) 

(D (g) Ed) o tD,D = {en <S) D) o \/d,d = (£» O £d) o t'^.D^ (19) 

{ed ^D)o tD,D = {D® Ed) o Vd,d = {ed ^D)o t'j^j^. (20) 
Moreover, we have 

t'n D°{f^D^D) = {D^ ud) o{t'DD<^D)o{D0 I'd d), (21) 
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t'D,D °{D® hd) = (^D (E>D)o{D(g, t'j^j^) o {t'j^j^ ® D), (22) 

{6d (E)D)o t'jjjj = {D® t'j^j^) o {t'j^j^ ®D)o{D® 6d), (23) 

{D ^ 6d) o 4,d = (4,D CSD)o{D^ t'ojj) o {5d CS> D). (24) 

1.8. Let D he & WBHA. The morphisms 11^ (target), II^ (source), II^) and Hj-, are defined as 
follows: 

n^ = ((ed o Md) (8) £>) o {tD,D ®D)o {{6d o ??d) ® ^), 
ng = (D (» (ei5 o /x^)) o (D ® t^^o) o ((L> «) ((^15 o ?7^)), 



nj = (L> (e_D o /iz))) o ((,5d o r]D) (S) D), 

nj = {{ed o Md) ®D)o{D(E) {5d o r/z))). 

It is easy to prove that they are idempotent and leave the unit and the counit invariant. 
Moreover, they satisfy: 

U^ = idDr\XD, ng = Ad Aids, Ab = Ad An^ =ngAAD, (25) 

and applying (b4) we get 

idD A Ad A ido = H^ A ido = ido A II^ = ido- (26) 

Moreover, the following equalities are satisfied [[2j, Proposition 2.10] 

n|^on^ = n^, n^onJ = nS, ni,onf, = n^, Tl'^onj^ = uj^, (27) 

ngon^ = n5i, ngonS = ng, n^ong = ng, nSong = nS, (28) 

n^oAD = n^ong = ADong, ngoAD = ngon|:, = AdoH^, (29) 

n^ = nSoAD = ADonD, ng = nDoAD = AdoTTJ. (30) 

Finally by [[2], Proposition 2.20] we have that the antipode is antimultiplicative, anticomulti- 
plicative and leaves the unit and the counit invariant, i.e.: 

Ad o/iD = AiD oiD,D o (Ad (X) Ad), (31) 

(5d o Ad = (Ad «) Ad) otD.D o^D, (32) 

Ad o f/D = VD, Ed o Ad = £d- (33) 

If / : D ^ -B is a morphism of weak braided Hopf algebras, by ([2|) we obtain V b,b °{f ® f) = 
{f ® f) ° ^ D,D- It is not difficult to see that, if / : D — )■ i? is a morphism of weak braided Hopf 
algebras, then f o Xd = ^B ° f (see [1] for details). 

Once the general framework is stated we introduce the concept of weak operator, that turns 
out to be essential to define the notion of Yetter-Drindel'd module in a general monoidal context. 
Actually, it will allow us to conceive the collection of Yetter-Drinfeld modules as the objects of a 
monoidal category, being this structure relevant in order to get an operative theory, it is said, a 
general framework where formal manipulations and effective calculations can be done. It will be 
obvious from the definition below that weak operators constitute a generalization of the notion 
of weak Yang-Baxter operator. 
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Definition 1.9. Let D he a WBHA and let M be an object of C. A weak operator between 
M and D, (from now on referred as {M,D)-WO) is defined as a quadruple {rM,r']^^,SM,s'j^) 
comprised of four morphisms in C: 

rM ■■ M (^D -> D0M, i\,^ : D0M ^ M (S)D, 

SM ■■ D(g)M -^ M (g)D, s'j^ : M ®D ^ D®M, 
satisfying the following compatibility conditions: 



(cl 



(c2 



(c3 



(c4 



(c5 



Compatibility with the weak Yang-Baxter operator: 
cl-1) {D (g) rju) o {rM (S) D) o {M (g) tD,D) = {tD,D (E> M) o {D (^ vm) o (^m ® D), 
cl-2) (r^^ (g)D)o{D(g) r'^^j) o {tD,D <» M) = (M ® tD,D) o (r^^ (^ D) o {D (g) r^), 
cl-3) (sAf (g) Z?) o (Z) ® SA^) o {tD,D ®M) = (M (g) t/),/)) o {SM ®D)o{D® sm), 
cl-4) (D (g) 4^) o (4^^ (g) D) o (M (g) ti5,D) = (iD,D (g M) o (D (g 4,^) o (s^,^ D). 

The analogous equalities with t'j-, ^ instead of tD,D are also required to be satisfied. 

Mixed Yang-Baxter equations 
c2-l) (r^ (g)D)o{D(g) sm) o {tD,D ® M) = (M (g tu,!)) o (sm ® D) o {D ® r^^), 
c2-2) (sAf ®D)o{D® r^,^) o (t^_^ «> M) = (M «) t'^^^) o (r^,^ ® D) o {D ® sm), 
c2-3) (L> (g s^^) o (rAf (E)D)o (M ® t^.s) = (iD,D «> M) o (I) (g rA#) o (^^ (g L>), 
c2-4) (L» TA^) o (s'^^ (g)D)o{M(g> t'jjjj) = {t'jjjj (g)M)o{D(S) s'j^) o (tm «> D). 

We want to point out that in this case, as in general for all the mixed equations along 

the paper, we cannot replace tD,D by t'jj £, or t^ £, by tD,D- 

The morphisms: V^^^ := r'j^jorM, V,,/^^ := ta/ or^^, V^^^ := s\,^osm and V^/^^ := sm°s'j^,.^ 

satisfy 
c3-l) V^„ = {{{ed (g M) o vm) ®D)o{M® 6d) = (M O fio) o {{{r'j^ o {r]D (g) M)) (g L>), 
c3-2) V^^ = (D ((M Ei^) o r^^)) o {6d ® M) = {^d ^ M) o (D (gi {tm o {M ® rjo))), 
c3-3) V,^ = {D(g) {{M Ed) o sa^)) o (fe (g M) = (/i^^ (g M) o (D (g (4^ o (M 770))), 
c3-4) V,/^^ = (((ed M) o 4^) «) D) o (M ® ^d) = (M ® fio) o {{{sm o (r?D <^ M)) (g D). 

Compatibility with the (co) multiplication: 
c4-l) TAf o (M (g /xd) = (;UZ5 (g M) o (D (g vm) o {rM (g £*), 
c4-2) r'j^.j o (^o «) M) = (M (g /xz?) o (r^,^ ^ D) o (D ® r^^), 
c4-3) {D (g TAf ) o {rM 'S)D)o (M (g ^d) = {6d (g M) o ta^, 
c4-4) {r'j^,j (E)D)o{D(E) r'j^^) o (5^ ® M) = {M ® 6d) o r'j^, 
c4-5) SAf o {fiij (g)M) = (M (g //£,) o (sA^ (g D) o (D (g sa^), 
c4-6) s^^ o (M (g /iz)) = (/iD (S)M)o{D(g) s^^) o (s^^ (g L»), 
c4-7) {sm (g D) o (Z) (g SAf) o (fe M) = (M (g 5d) o SAf , 
c4-8) {D ^ s'^^) o {s'^j (^D)o{M^ 5d) = {Sd ® M) o s'^. 

Compatibility with the antipode: 
c5-l) (M Ad) o V,.,, = V,.^, o (M ® Ad), 
c5-2) (Ad (g M) o V,./^^ = V,./^^ o (Ad <g M), 
c5-3) (Ad M) o V,^i = V,^ o (Ad «> M), 
c5-4) (M Ad) o Vy = V^/ o (M (g Ad)- 



'Af 



Remark 1.10. As a consequence of Definition II. 9l the following equalities hold for a WBHA D: 

{D (g TAf ) o (rAf (E)D)o{M(S) Vd.d) = (Vd,d (g M) o (D (g rAf ) o (rAf (g D), (34) 
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{v'm 0D)o{D0 v'm) o {Vd,d (^M) = {MCd Vd,d) o (tm D) o {D r'^), 



(35) 



{D (g) tm) o {s'm -D) o (M ® Vd,d) = i^D,D ® M) o (D (g) tm) o {s'm ® D), (36) 

(SM (S>D)o{D(g) r'j^) o (Vz),D (g) M) = (M O Vd,d) ° {sm (E> D) o {D (g) r^), (37) 

(M eu) o V^^, = (ed <g M) o tm; (ez? ^ M) o V^^^ = (M ^ e^) o r^^, (38) 

Vr.^o(M0r/D) = r;^o(?7^®M); Vr'^ o {rj^ M) = rM o (M ® r]D), (39) 

V^^, o (M ^b) = (M ^b) o (V^,,, <g) D) , (40) 

V^/^^ o {fj,^ (g) M) = (^D (g M) o (D (g V^/^^), (41) 

(V^,,, (g Z?) o (M «) 5d) = (M ® (5b) o V^^, (42) 

(D(g)V^^)o(5z)g)M) = ((5z)g)M)oV^^, (43) 

(i:* V^^,) o {ru (g)D)o{M(S> 5d) = (rjw (S> D) o {M (g) Sd), (44) 

(V^/^^ ® D) o (D (g r^) o (,5b ^ M) = (D ® r^,^) o (5d (g M), (45) 

(sM (S>D)o{D(S> sm) o {^0,0 (gM) = {M® Vd,d) ° {sm (E> D) o {D (g> sm), (46) 

{D (g, s'm) o {s'm ^D)o{M(g Vd,d) = {^D,D (g M) o (D g) s'm) o {s'm (g D), (47) 

(r^ (g L>) o (D (g sm) ° {^D,D (gM) = {M(g Vd,d) ° {v'm (g D) o {D (g sm), (48) 

{D (g s'm) o (rjw (gD)o{M(g Vd,d) = {^d,d (g M) o {D ® s'^) o {vm (g D), (49) 

{ed CgM)o VsM = (M (g es) o sm; {M (g ed) o V,/^ = (eo (g M) o s'm, (50) 

V,/^o(M0r?D) =SMo(??D^M); V,^ o (r/^ M) = 4^ o (M (g r/^), (51) 

VsM ° (/^D (g M) = (/iB (g M) o (£) (g V,^,), (52) 

V,. o (M /i^) = (M /iz)) o (V,; D), (53) 

{D g) sm) o {6d (gM) = {6d (g M) o V,^ , (54) 



(V^/^ (g L>) o (M (g 5d) = (M (5d) o V^/^, 



(55) 
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{D ^ V,>J o {s'm 0D)o{M0 6d) = {s'm (8) £») o (M ® do), (56) 

{Vs., (g) £») o (D o sm) o {6d ®M) = {D® sm) o {5d ^ M). (57) 

Note that {rMif'M-,^M-,s\j) constitutes an (M, Z))-WO iff so does {s'j^j,SM,''''pj,rM)- 

Proposition 1.11. Let D be a WBHA and let M be an object of C such that {rM^r'^^, sm, s'm) 
constitutes an (M, D)-WO. Then it holds that: 

(i) The morphisms V,-^^, V^/ , '^ sm ^^i*^ ^ s' ^re idempotent. 
(ii) Cancelation laws: 

TM = V,,/^^ O rM = TM O ^TM^ (58) 

^M = r'M ° ^r'^., = ^VM ° t'm, (59) 

Sm = V^/^^ o Sm = Sm o V^^^, , (60) 

s'm = s'm ° V^/ = V^^, os'm- (61) 



'M 



Proof. For (i): 

= {{{ed CS>M)o rM) ®D)o {{{ed O M) o tm) O Sd) o (M (g> 5d) 
= {ed ® Ed ® M ® D) o {5d ® M (^ D) o {rM CS> D) o (M ^ 5d) 

= VrM 

by coassociativity and (c4-3). The proofs for the remaining morphisms are analogous. 

To prove (ii) it suffices to use the suitable characterization of the corresponding morphisms 
and then apply the compatibility with the (co)multiplication. We write the first equality of (|58p 
to illustrate the procedure: 

rM 

= TM O (M (g) {fJ,D o (D (g) 7]d)) 

= {jiD ®M)o{D® tm) o {tm ® Vd) 
= V^/^^ o rM 

U 

Proposition 1.12. Let D be a WBHA, M any object of the category and {tm, t'm-, sm, s'm) an 
(M, L»)-WO. Then we have: 

{D (g Vr.„) o {tm ®D)o{M® tD,D) = (rM 0D)o{M0 tD,D) o {Vr^ ^ D) , (62) 

{tD,D ®M)o{D®rM)o (V^^^ ^D) = {D(g> V,.>J o (t^_^ ^M)o{D^rM), (63) 

{Vr'^^ (g)D)o{D(g) t'm) O {tD,D (g)M) = {D(g> v'm) o {tD,D (^ M) O {D (g) Vr'^^), (64) 

(M (g tD,D) o {r'M 'S>D)o{D0 VrJ = (VrM 'S> D) o {M g tD,D) o {v'm (g D), (65) 
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(V,^,, O D) o (D o sm) o {tn,D ^M) = {D0 sm) o {tD,D ® M) o {D ® V,^,), (66) 

(M ® tD,D) o {sm ®D)o{D® V,/^^) = (V,/^^ «) D) o (M «) ti5,D) o (sm «) ^), (67) 

(Z) ® V,/^^) o (4^ «) D) o (M «) tD,D) = {s'm ®D)o{M® tD,D) o (V,/^^ «) L>), (68) 

itD,D (^M)o{D0 s'm) o (V,^, (g)D) = {DC^ V,^,) o (iB,D ^ M) o (D s'm)- (69) 

The equalities remain true if we change tD,D by t'^ d- 

Proof. For ([MD; 

{D Vr^) o (VM (S)D)o{M0 tD,D) 
= {D(g) {{ed ®M)o tm) «) £>) o {rM <S) Sd) o (M (g) to^n) 
= {D^ {{ed ^ M) o vm) I?) o (vm ^D(E)D)o{M^ tD,D ^ D) o {M ^ D ^ tD,D) 

o{M (g>5D(S)D) 
= {{{D (g) Ed) o tD,D) ® M ® D) o {D ® rM ® D) o {tm ® tD,D) o{M®6d®D) 
= {{{ed (E)D)o Vd,d) ® M (S) D) o {D ® tm ® D) o [rM tD,D) o {M (g) 6d (S) D) 
= {sd ^ rM ^D)o{rM(S)D^D)o{M0 Vd,d ® D) o (M ® L» (g) tD,D) o{M®5d®D) 
= {£d ® TM (E>D)o (vM (g tD,D) o {M (g) 6d (S) D) 
= {rM (gD)o{M(g tD,D) o (V^,, (g D), 
where we used (c3-l), the conditions (b3-4) and (cl-1), the properties of the weak Yang-Baxter 
operator and the equahties (I19p and (I34p . 

The proof of the remaining equahties follows a similar procedure. 

D 

Proposition 1.13. Let Z? be a WBHA, M any object of the category and {rMjf'M, sm, s'm) an 
(M, D)-WO. Then we have: 

{tD,D M) o (D (g rM) o (V,^, ^D) = {D(g VsJ o {tD,D ® M) o{D(g rM), (70) 

{rM (g)D)o{M® tD,D) o (V,/^^ ^D) = {D(g V^'J o {rM (S) D) o {M ^ tD,D), (71) 

{s'm ^D)o{M(g t'ojj) o (V,^, (gD) = {D(g VrM) ° {s'm <» ^) ° {M t^.s), (72) 

(4,D ® M) o{D(g) s'm) o (V^/^^ (g L>) = (L> V^,J o (t^_^ (g M) o (D (g s'm). (73) 

Proo/. We will show (fTOj) : 

(ti5,i5 (g M) o (D tm) o (V,^, D) 
= {D®^iD®M)o{tD,D®D®M)o{D®tD,D®M)o{D®D®rM)°{D®{s'Mo{M®7]D))®D) 
= {D®HD®M)o {tD,D ® s'm) o {D ® rM ® D) o {D ® M ® {tD,D o {rjD ® D))) 
= {D®HD®M)o {tD,D <8) s'm) o {D (g rM ® D) o {D ® M (g {V d,d o {D ® rjn))) 
= {D®HD(g)M)o{tD,D(gD(gM)o{D®VD,D®M)o{D®D®{s'Mo{M®riD)))o{D®rM) 
= {D® Vsm) ° {tD,D ^M)o{D^ rM), 
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where we used (c3-4), the conditions (bl-1) and (c2-3), the properties of the weak Yang-Baxter 
operator and the equahties (fT7]) and (j49]) . 

D 

Proposition 1.14. Let D he a WBHA, M any object of the category and (r^, r'^^, sm, s^) an 
{M,D)-WO. Then it holds that: 

(i) 

{rM (^D)o{M(g> tD,D) o {t'm ®D) = {D® v'm) o (to.D 0M)o{D0 vm), (74) 

{D (g) sm) o {tD,D 'E)M)o{DiS) s'm) = {s'm <S)D)o{M(g) tD,D) ° {sm ® D). (75) 

The previous equahties remain true if we change tD,D by i^ ^- 



(ii) 



{rM (^D)o{M(g) tD,D) o (sm <S)D) = {D(g) sm) o {tD,D ® M) o {D ® vm), (76) 



{s'm (^D)o{M(g) t'j^j^) o (r^,^ (gD) = {D® r'^) o {t'j^j^ ® M) o {D ® s'^j). (77) 

Proof. We prove the first equahty of (i), the remaining being analogous: 

{VM ®D)o{M® tD,D) o {r'M ® D) 
= {ru 0D)o{M(g, tD,D) o ((VrM ° ^m) ® D) 
= {D® VrM) ° i^M (gD)o{M^ tD,D) o {r'j^ (g) D) 
= {D® r'j^j) o {tD^D (g)M)o{D0 tm) o {{tm o r'j^f) ® D) 
= {D(S) r^^) o {tD,D «) M) o{D(S) vm) o {Vr'^^ D) 

= {D^ {r'^ o Vr'J) o {tD,D ® M) o (L) (g) tm) 

= {D(S) r'^j) o {tD,D (^ M) o{D® vm), 

In the above equalities, the first and the last ones follow by part (ii) of Proposition II. IH the 
second and the fifth by (|62p and (|63p . respectively. In the third we use (cl-1) and the fourth 
follows by the definition of V-.' . 

The proof of (ii) is analogous to the one of (i) but applying (|70p and (|7ip instead of (|62p and 
(|63p and the condition (c2-3). D 



Remark 1.15. In view of Definition II. 9| it follows that if M = L) is a WBHA in C, the 
associated weak Yang-Baxter operator tij.D is an example of {D, D)-WO with rM = sm = tD,D 
and r'j^ = s\,j — ^'d D' ^^*^ claim remaining true if we take t'jy jy instead of iD,D and vice versa. 

Of course if (C, (g, c) is a braided monoidal category, the quadruples {cm,d-,c~^i £>, cd,m, c^ m) 
and (c^ ^,j, cd,m, ^m d^ cm,d) are examples of (M, D)-WO for any object M of C. 

Moreover, going into the interpretation of the notion of weak operator as a generalization of 
that of weak Yang-Baxter operator we point out the following series of results (See |i2j). 

Proposition 1.16. With the assumptions and notation of Proposition 11.14] we have: 

{rM (S)D)o{M(S, {6d o 7]d)) = (D r^,/) o {{6d o tjd) «> M), (78) 

{{eo o /xd) (gM)o{D(g) rM) = {M ® {ed o hd)) o {r'M ® D), (79) 
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{s'm ®D)o (M ® {6d o tjd)) = (£> sm) o {{6d o t]d) ® M), (80) 

{{SD o /xd) 0M)o{D® s'm) = {M® {ed o fio)) o {sM (8) D). (81) 

Proof. We prove (I78p . the others being analogous: 

(rM<»I))o(M0(5l5or/z))) 
= ((r-M o V^^,) (» D) o (M ® (5z) o ry^)) 
= (rju (g) £>) o (M (g) (5d) o Vr,, o (M O r/^,) 
= (rM <8) D) o (M O (5d) o r^^ o {tjd M) 
= ((^M o r^^f ) ^D)o{D(g) r'^) o {{6d o 7?d) ® M) 

= (L> ((M ez)) o r'^) <E) D) o {Sd (^ M (g) D) o (D (g) r'^) o ((^z? o r]D) ® M) 
= {D0r'M)o{{6DOVD)^M). 
In the above equahties we use that i? is a coalgebra, part (ii) of Proposition [LTTl the conditions 
(c3-l), (c3-2) and (c4-4), and the equahty 1^. D 

Proposition 1.17. Let D be a WBHA and M any object in C. If {rM^r'^, sm, s'^) is an (M, D)- 
WO, it holds that: 

{M(g)U^)oVr,,=Vr^o{M(g)U^), (82) 

(U^ M) o V,^^ = V,. ^ o(U^0M), (83) 

(n^®M)oV,,, = V,„o(n^®M), (84) 

(M0nf^)oV,,^ = V,,^o(M»n^). (85) 

The analogous equalities hold writing either 11^, 11^^, or Ilj^ instead of Uj^. 

Proof. We prove (|82p and (|83p . being the others analogous. Applying the definition of Uj^ and 
the equalities (|40p and (|42p we have: 



(M0n^)oV 



rM 



= {M® ^d) o {^tm ® ^d) o{M® 5d) 

= VrM ° {M ® (nD o{D(g) Xd) o 6d)) 
Now by the definition of 11^, the condition (c5-2) and the equalities (|4ip and (|43p we get: 

(n^ ® M) o v,^^ 

= (/XD M) o (D Ad M) o (D V^^) o {Sd g) M) 
= inD (g M) o (D (8 Vr'^J o {D (g Xd M) o {6d g) M) 
= Vr',, ° {{f^D o{Dg) Xd) o 6d) (g M) 

= v,^^o(n^0M). 

Analogously we prove: 

Vr,, o{M0 ng) = (M ng) o V:,^^ and V,./^^ o (ng M) = (ng (g) M) o V,./^^. 

It is now easy to prove the corresponding equalities for IIjj and Hd just using (127p and (128p . 



D 



17 

Proposition 1.18. Let D be a WBHA and M any object in C. If [rMj^'j^j, sm, s'j^,f) is an (M, D)- 
WO, it liolds tliat: 

(n^®M)orM = r-A/o(Mon^), (86) 

(M n^) o r'^ = r'^i o (n^ ® M) , (87) 

(M(g)n^)osAf = SAf o(n^(g)M), (88) 

(n^ ® M) o s'm = s'm o (M n^) . (89) 

Tlie analogous equalities hold writing either II^, H^,, or II^) instead of Uj^. 
Proof. We will show (I86p . Firstly note that 



(M (g) n^) o V 



rM 



= {{ed CS>M)o rM «) n^) o (M (g) (5d) 

= {{{eD ® M) o tm) ® D) o {M ® ^iD ® D) o {M ® D ® tD,D) o {M ® {5d o rio) ® D) 

= {{en o iid) (^ M (g) D) o {D (g) tm ® D) o {ru (S) tD,D) o {M (g) {6d o Vd) <» D) 

= i{£D o in:)) ® M ® D) o {D ® ru ® D) o {D (g M ® tD,D) o (D (g) r^^ (g D) 

o{{6Dor]D) (gM(gD) 
= {{£d o fJ-o) <8) r'j^) o (D (g) tD,D <g M) o {{Sd o vd) <g n/ ) 
= r;^ o (n|3 M) o rM- 

In the above calculations, we applied (c3-l), the equality 

{D (g n^) o6d = (/Ud (gD)o{D(g tD,D) o ((^D o vd) (g D), (90) 

the condition (c4-l) and the equalities (|78p and (|74p . 
Hence by (j82|) it holds that: 

(M (g n^) o v,^, = r'M o (n|^ M) o TAf = V,,, o{M(g n^). (91) 

Now, applying the definition of V^' , the equality (l83|) and part (ii) of of Proposition II . 1 1] we 
get: 

(n^ (gM)o rM 
= (n^ M) o Vr'^^ o rM 
= Vr', o{U^^M)orM 



rM o r'j^f o (n^ (gM)orM 



• M 

TM O VrM O (M (g n^) 
TAf o(M(gn^). 



n 



Proposition 1.19. In the hypothesis of Proposition 11.18] it holds that: 

{XD(gM)orM = rMo{M®\D), (92) 

{M(g\D)or'M = r'Mo{\D®M), (93) 
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(M(g)Az))osAf = smo(Ad<8)M), (94) 

{Xd<S!)M)os'm = s'mo{M(^Xd). (95) 

If Xd is an isomorphism all the corresponding equalities obtained writing A^ instead of A_d 
are also verified. 

Proof. To deduce (|92p we can write: 

(Ad M) o ru 
= (Ad a n^ (g) M) o tm 

= iil^D o (Ad (S> n^)) (g>M)o{D(S) vm) o {vm O D) o (M O Jd) 
= [fiD M) o (Ad <8) tm) o {tm ® n^) o (M fc) 
= (^D M) o (Ad O r^) o (r^ ® hd) o (M (g) 5d <» Ad) o (M (g) 6d) 
= {fiD M) o (/XD (g r-Af ) o (Ad (g tm D) o {tm D Xn) o (M (g (5d (g -D) o (M (g (5d) 
= (/iD (» M) o (ng (g tm) o (rjv/ (g Ad) o (M (^d) 
= TAf o (M (g ng A Ad) 
= rAf o(M(g)AD), 
In the preceding calculations, the first, fourth and eighth equalities rely on the definition of 
WBB, the second, fifth and sixth on (c4), and the third and seventh ones follow by Proposition 

[UHl 

In a similar way we obtain the equality for r^^, sm and s^^. Finally, by composing with A^ 
we get the similar equalities involving the inverse of the antipode. 

D 

Corollary 1.20. Let D he a WBHA with invertible antipode and M any object in C. If 
{fNUf'Mi^Mis'}^^) is an (M, i5)-W0, the following equalities hold: 

(i) 

VrM = {M® ifiD o tD,D)) o (r'M <S) D) o {r]D M ® D), (96) 

Vr^^ = {M® (/iD o 4,d)) ° Kd (g I?) o (r/D (g M g) D), (97) 

^TM = {eD®M®D)o {rM (g D) o (M (g {tD,D o 5d)), (98) 

Vr-M = {eD(^M(g)D)o {rM g) D) o (M g) (4^^ o 5d)). (99) 

Vr^, = ((/XD O tD,D) <g M) o (D (g TAf ) o (D (g M (g T/d), (100) 

V,,/^^ = ((/XD o 4^^) (g M) o (D (g TAf ) o (D (g M (g r/D), (101) 

V^^ = (L> M (g Ed) o (L» (g r^^) o ((tD,D o 5d) «> M), (102) 

V^' ={D(g)M(g)eD)o{D(g)r'M)o{{t'o^o5D)(S>M). (103) 



(ii) 
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(iii) 



IV 



V,^, = ((/XD o tD,D) (^M)o{D®s'm)o{D®M® tid), (104) 

V,^, = {{fiD o t'^^o) ^M)o{D^ s\j) o{D®M® rio), (105) 

VsM = {D®M®eD)o{D® sm) o {{tD,D o 6d) O M), (106) 

VsM = {D(^M®eD)o{D® sm) o {{t'j^^D ° ^d) O M). (107) 

V,/^^ = (M (g) {nD o tD,D)) o {sM (S) D) o {7]D (S) M (S) D), (108) 

V,/^^ ={M(g) {HD o t'^jj)) o {sm (S) D) o {7]d (S> M (S) D), (109) 

V,' ={eD®M®D)o{s'j^.j®D)o{M®{tD,Do5D)), (HO) 



= M 



V^^^ = {eo ® M (^ D) o {s'm (g)D)o{M(g) {t'^jj o 6d))- (HI) 

Proof. Using Proposition 11.191 (c3) and the properties of the antipode and its inverse we get 
dMl): 

= {M(g) Ad) o "^rM o (M A^^) 
= (M (g) {Xd o fio)) o (r^/ (g A^^) o{r]D®M®D) 
= (M (g) (/iD o tD,D)) o (M (g) Ad (g> -D) o (r^ <» Z?) o (r/D ® M ® D) 
= (M (g (/iD o iD,D)) o Kf ®D)o{r]D®M® D). 
In a similar way we obtain (|97p : 

= (M (g A;^^) o V^,, o (M «) Ad) 
= (ed (g M (g D) o (rM ^ A^^) o (M (g ((5d o Ad)) 
= (ed (g M (g L») o {tm ®D)o{M®\d®D)o (M (g (tD,D o (^d)) 
= (ed (g M (g L») o (rM <g) I?) o (M (g {tD,D o 6d)). 
The remaining equahties can be proved following the same pattern, composing with Ad and 
A^ in the suitable order at convenience. □ 

2. The category of Yetter-Drinfeld modules 

In this section the category of left-left Yetter-Drinfeld modules over an arbitrary WBHA D is 
defined. We deal with WBHA's in a monoidal category C that is not assumed to be equipped 
with a braiding. In this situation, the first task consists on giving a suitable definition of Yetter- 
Drinfeld module such that we recovered the classic one in the particular case of modules over 
a Hopf algebra in a symmetric category as it appears in |20) , and also the generalization of the 
preceding one to the weak Hopf algebra case introduced in [7] . 

In the definition of (M, D)-WO, we have only considered a WBHA D, while M was simply an 
arbitrary object of the monoidal category. It will be now discussed how the notion of (M, D)-WO 
can be enriched when the object M is also equipped with an algebraic structure. 

Lemma 2.1. Let D be a WBHA, M in C and {rM,r'M,SM,s'jyj) an {M,D)-WO. It holds that: 
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(i) If (M, (Pm) is a left D-module then 

(i-1) ifM = ^M o "^SM iff V'M o s^ o (M (g) rjo) = idu, 
(i-2) ifM = Vm o V^/^^ iff (pM o tm o{M (g) rjD) = idu- 
(ii) If (M, ^^y^-) is a left D-comodule then 

(ii-1) QM = ^SM o QM iff {M ® en) osm o qm = idM, 
(ii-2) QM = Vr^^ o QM if^ {M Ed) o r'j^ o QM = idu- 

Proof. For (i-1), to prove the direct implication, using the hypothesis, (c3) and the module 
condition, we have 

= fM° iliD ®M)o{D® {s'm o{M(g) rjo))) 

= ipM o{D^ {(fM o s'm o (M (g) ??d))), 
so composing with rj£, ® M the desired equality follows. 
On the other hand, if ifM ° s'j^ o (M 0r]o) = idM then 

fM ° "^SM 
= ipM° ifJ-D O M) o (D (g) {s'j^ o{M(g> r]D))) 
= LPM°{D® {ifM ° s'm o (M (g) r]D))) 

= fM, 
and we obtain the opposite implication. The other statements follow similarly using (c3) at 
convenience. D 

Now we introduce the notion of weak operator compatible with a (co) module structure of M. 

Definition 2.2. Let D be a WBHA, M an object of C and {rM,r'^,SM,s'M) an {M,D)-WO. 
(i) If (M,fM) is a left D- module, the (M, D)-WO is said to be compatible with the D- 
module structure provided that it satisfies: 
(i-1) VM o ifM <E)D) = {D(g) ifM) o {tD,D (g M) o (D (g tm), 

(i-2) r'^o{D® fM) = {fM ®D)o{D® r'^) o (t^_^ <g) M), 

(i-3) s'm o {fM 0D) = {D0 ifM) o {t'j^^D ®M)o{D® s'^), 

(i-4) SM o{D(g) fM) = {fM (S)D)o{D (g sm) o {tD,D O M). 
(ii) If {MjQm) is a left D-comodule, the {M,D)-WO is said to be compatible with the D- 

comodule structure provided that it satisfies: 
(ii-1) {D (g qm) ovm = {tD,D (g M) o (D (g tm) o {qm ® D), 
(ii-2) {qm ®D)or'^ = {D® r'^) o (t'^^^ M) o {D qm), 
(ii-3) {D g) qm) o s'm = {t'o^D <S) M) o {D s'm) o {qm ® D), 
(ii-4) {qm (S>D)o sm = {D(g) sm) o {tD,D (g M) o (D (g qm). 

Notice that in the particular case of C being a braided category with braiding c the conditions 
trivialize because of tD,D = cd,d, ^'0,0 = (^1:^,D^ '^M = cm,d, r'^ = cj}j^, sm = cd,m and 
^'m ~ '^d m- Then in that context the compatibility is not a restriction. 

Definition 2.3. Let D he a WBHA. We say that {M,ipM,gM) is a left-left Yetter-Drinfeld 
module over D if (M, fM) is a left D- module, (M, qm) is a left D-comodule and: 

(ydl) QM = {fJ-D O fM) o{D0 tD,D 0M)o {So (g Qm) o {r]D ^ M). 

(yd2) There exists {rM^f'Mi^Mis'M) an (M, Z))-WO compatible with the (co)module structure 
of M, such that 

{^D ® fM) o{D® tD,D ® M)o {5d g" Qm) 
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iHD (E)M)o{D(g) tm) o {{qm o ^Pm) (S>D)o{D(g) sm) ° (fe «> M). 



The class of all left-left Yetter-Drinfeld modules over D will be denoted by ^yD. 



Remark 2.4. Note that when the ambient category C is symmetric and we take both the 
weak Yang-Baxter operator and the (M, D)-WO to be the braiding of C, we recover the classic 
definitions of Yetter-Drinfeld module introduced in |20| in the context of Hopf algebras and 
generalizated in |8] (see also [9] and jl6]) to the context of weak Hopf algebras. 

Moreover, assuming that C is braided with braiding c and tD,D = C£),Di ^'d d ~ '^D D^ ^^ 
{M,ipM) is a left Z?-module and {M,qm) a left Z'-comodule, {cm,d-,c~^ £),cdm^^~dm) ^^ ^^ 
(M, I?)-WO compatible with the (co)module structure of M. Therefore, we can define in this 
setting a left-left Yetter-Drinfeld module over D as a left Z?-module (M, (/?m) and a left D- 
comodule (M, qm) such that the following equalities hold: 

(i) Qm = (md <^ ^m) o{D® cd,d ®M)o (^/j ® qm) o ino ® M). 
(ii) {nD (X" v'm) o (Z) (g) CD,D ® M)o {5d Qm) 

= {pD (S)M)o{D(g) cm,d) o {{qm ° (Pm) <E)D)o{D(E) cd,m) ° {5d ® M). 

Definition 2.5. Let {M,ipM, Qm) and {N,ipN, g^) be in the class j^yT> with associated weak 
operators (^Mj^M' ^-M^' *m) ^^^"^ {^N,r'jy,SN,s'^) respectively. It is said that a morphism / : 
M — )• A^ in C is a morphism of left-left Yetter-Drinfeld modules if: 

(i) / is a left (co)module morphism. 
(ii) rN o if ® D) = {D (E) f) o ru, sn o {D ® f) = {f (^ D) o sm- 

Remark 2.6. In the last definition, the verification of the condition (ii) for rj\/ is equivalent to 
its verification for r^, and the same happens with sm and s^^. Actually, if we assume (ii) for 
Tm using the characterization of V,.^^ of (c3-l) we conclude that: 

Vr^o{f®D) = {f®D)oV,^,^, (112) 

and by (c3-2) we deduce: 

V,;^o(D0/) = (D^/)oV,,^. (113) 

Combining the preceding equalities with (c3) and part (ii) of Proposition 11.111 we conclude 
that (/ (g) D) o r^^ = r^ o (D /). Indeed, 

(/0l))or;, 
= {f(®D)o Vr,, o r'^j 
= Vr^ o (/ £)) o r'j,, 
= r^ o TAT o (/ (g D) o r^^ 
= r'^o{D®f)o V,^^ 
= rNO Vr'^ o{D(^f) 
= r'j,o{D(^f). 

The proof for the equality s^ o (/ (g) D) = (D f) o s'j^^ follows by the same argument. 

As the identity morphism idM satisfies the above conditions for any object M it can be 
introduced the following: 

Definition 2.7. Let D he a. WBHA. The category of left-left Yetter-Drinfeld modules is that 
whose objects are the class ^yD and whose morphisms between objects are those in the condi- 
tions of Definition 12.51 It will be denoted also by ^yT>. 
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Generalizing the braided symmetric case [|9J, Proposition 2.2], the conditions (ydl) and (yd2) 
can also be restated in the following way: 

Proposition 2.8. Let D be a WBHA and let (M, lpm) be a left Z)-module and (M, qm) a left 
D-comodule. Assume that there exists {tm^^'m^^m^^'m) an (M, D)-WO compatible with the 
(co)module structures of M. Then the conditions (ydl) and (yd2) are equivalent to 

(yd3) QM o ipM 

= {hd ®M)o{D® tm) o {{{fiD (S) (Pm) o{D(g) tD,D M) o {8d ® Qm)) ® ^d) o{D® sm) 
o{Sd0M). 

Proof. Indeed, if we assume (ydl) and (yd2) then: 

(//£, (g)M)o{D(E) Tm) o (((a^d <» Vm) o{D(g) to,D M) o (5^ q^)) A^) o {D (g) sm) 

o{Sd O M) 
= inD (S)M)o (/i£, ® tm) o{D(g) TM 0D)o {{qm o ifM) (g) D D) o {D (g) SA4 (^ Ad) 

o{5d (g> Sm) ° i^D ^ M) 
= {fiD (g)M)o{D(g) tm) o {{qm o Vm) (S) n^) o{D(g) sm) o {Sd (S) M) 

= {iJLD (g)M)o{D(g) tm) o {{qm o Vm) (gD)o (/iD (g) sm) o{D(g) tD,D (g> M) 

oii^D or]D)^D(gM) 
= {nD (8) M) o (D (g) TAf ) o {{qm o (pm) (g) D) o{D (g) Sm) o {{6d o Vd) 'X' ^m) 
= {p,D (8) y?Af ) o {D ig tD,D 8) M) o {Sd (8) ^lAf ) o {vd (8> V'Af ) 

In the preceding calculations, the first and fifth equalities follow by (yd2), the second by (c4) 
and the third one by (188p and (190p . On the fourth equality we apply compatibility with the 
D-module structure and on the last one (ydl). 

On the other hand, assuming (yd3) we can deduce (ydl) as follows: 

Qm 
= QM o ipM o {riD (8 M) 
= {fiD (g)M)o{D(g) tm) o {{{fiD (8 ipM) o{D(g) tD,D (g> M) o {6d qm)) ® Ad) o {D (g sm) 

o((5d o tjd) (8 M) 
= {nD (g)M)o{D(g) tm) o (((/iD (8 (Pm) o{D(g) tD,D (g M) o {D (g) D (g) qm)) (8 D) 

o{6d (8 sm) o (L> (8 ng M) o {{6d o 7]d) M) 
= {{nD o{D(g (TTJ;, o Ad))) ®M)o{D® tm) o {{{^J-D <S) V^m) o (L> (8 tD,D (8 M) 

o{5d (8 ^m)) (gD)o{D(g sm) o (((5d o t/d) (8 M) 
= (L> (8 (ed o fJ-o) (8 M) o (5d (8 Ad 8) M) o (D (8 rAf ) 

o{{{fiD (8 (/7Af ) o (D (8 tD,D (8 M) o (5d (8 ^lAf )) (g D) o {D (g sm) o (((^d o ??d) <8 M) 
= (L> (8 (ed o fio) (8 M) o (/iD (8 /UD <8 i? (8 M) o (D (8 iD,D (8 ^ (8 tm) 

o{Sd (» fe (8 (/?M (8 D) o (D (8 tD,D M (g D) o {D D (g QM ^ Xd) o {D (g D ^ sm) 

o{D ® (5d (8 M) o ((<^D o ??d) <8 M) 
= (L> 8) {ed o lie) (g M) o {D (g D (g tm) o (/Ud (g Hd (g ^m (S) D) 

o{D tD,D «) tD,D M (g D) o {5d (g tD,D (8 fiA// Xd) o {D D (g D sm) 

o{D (gD(g) tD,D (8 M) o (D (8 5d (8 Qm) o ((<5d o Vd) <8 M) 
= (L> (8 (sd o A^d) (8 Af ) o (D D (8 tm) o (D ^ud (8 (/^m Xd) o {D D (g tD,D (gM^D) 

o{D ^ 6d (g QM ^ D) o {D (g D ^ sm) o {hd ^ 6d ^ M) o {D (g tD,D (8 M) 

o((fe o ?7d) "8 £1^/) 
= {D(g {{ed CgM)o qm)) o (/iD CS> fM) o{D(g tD.D ® M) o {{5d o tid) (8 qm) 
= {fiD (8 93Af ) o{D(g tD,D ®M)o {{6d o vd) "8 qm)- 
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The first equality follows by the condition of L)-module for M. In the second and nineth ones 
we apply the hypothesis; the third one uses (|94p and the equality 



{D ® \d) o5do 11D = {D ® n|5) o5do rjD- 

The fourth equality relies on Proposition 11.181 and (|30p ; the fifth is a consequence of the equality 

/xz)o(Z?orT^) = {{D (S) {SD o fJ-o)) o {Sd <S) D), 

and the sixth and eighth ones follow because of Z) is a WBHA. In the seventh equality we apply 
compatibility of the D-module structure for M; finally, in the last one we use the condition of 
D-comodule for M. 

Using the same technics we get: 

{HD (S>M)o{D(g) tm) o {{qm o <^m) (S>D)o{D^ sm) o {^d ^ M) 

= (/iD (g)M)o (/i£, (g) tm) o{D(g) TM (E>D)o {{{fiD (g) ipM) o{D(g) tD,D (^ M) 

o{5d (» qm)) Xd (^ D) o {D (g) SM 0D)o {5d sa/) o {Sd O M) 
= {fiD (E>M)o{D(g) tm) o (((a^d <SS> (Pm) o{D(g) tD,D (E> M) o {5d (8) Qm)) <» ng) o {D (g sm) 

o{Sd O M) 
= (nD (g)M)o{D0 tm) o (((/Ud ® Vm) o{D(g) tD,D ^ M) o {6d (8) qm)) (gD)o{D(g) sm) 

o{fiD Xd (S) M) o {D {6d o Vd) (S) M) 
= {fiD (g>M)o{D(g) tm) o (/iD ® <PM (E)D)o{D(S) tD,D (S)M(g)D)o {^ij;) (g) fin (E) Qm «> D) 

o{D (g) tD,D (S>D^ sm) o {Sd (g 6d (^ Xd (^ M) o {D (g {6d rjo) (S> M) 

= {fJ,D (g M) o (L) (g) Vm) o (fJ-D <8) ^PM (8i I?) o (/i£) (g) tD,D '^ PM O D) 

o{D (g tD,D (X) tD,D ^ M (g D) o {6d (S) 6d (S) QM ^ Xd) o {D (gi D (gi sm) 

o{D (g {6d f^ Vd) eg M) 
= {fiD (S) (Pm) o{Dg) tD,D (S) M) o {6d (8) {{^JLD (gM)o{D(g tm) o {{{ijld ® <Pm) 

o{D (g tD,D <8) M) o {5d <S) qm)) (» Ad) o (D (g sm) o (Sd 'S) M))) o {D (E) tid <S) M) 
= (fiD <8) ^m) o{D(g tD,D (S)M)o {6d (8) qm) o (D (g {pM o (r/D (g M))) 
= (HD <8i (/7m) o (L» (g tD,D (g M) o (5^, (g qm), 
SO the condition (yd2) can be obtained from (yd3). D 

The following properties about Yetter-Drinfeld modules constitute a generalization of the 
results obtained in the braided context. See |5] for the idea of the proof. 

Lemma 2.9. Let D be a WBHA in C. If {M,pM, Qm) is in ^yD then it obeys the following 
properties: 

QM o PM o (nh ®M) = {^D ^D)o (ng «) qm), (114) 

(ng 0M)o QM o PM = {I^D (^ ^m) o {Sd M), (115) 

QMOpMoiJ^D'^M) = {fiD<E)M)o{D(g){XDoU^)(E)M)o{D(g{rMOSM))o{tD,D'i^M)o{D(gQM), 

(116) 

{U^g)M)oQMopM = {D(gpM)o{tD,D(E)M)o{D(g{rMOSM))o{Dg){n^oXn)(S)M)o{6D(E)M). 

(117) 
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Proposition 2.10. Let D be a WBHA with invertible antipode and let {M,(pM, Qm) be in 
^yV. Then: 

(i) fM = fM o Vs„ iff QM = ^SM o QM, 
(ii) (fM = VM O Vr'^^ iff QM = Vr^^ o QM. 

Proof. We will show (i), being (ii) analogous. For the 'if part, in virtue of Proposition II . 18] the 
equality (H^, (g) M) o q^ = (L) (g) ipj<^/[) o [[5d ° Vd) '^ M) which holds by (|115p . compatibility of 
the module structure, Corollary 11.201 and the hypothesis, it results that 

{M ^ed) o sm° Qwi 
= {M (g> Ed) o sm o (n^ (g) M) o QM 
= (M (g) Ed) o sm o{D(g) tpM) o ((5d o ?7d) ® M) 
= {ifM (S) Ed) o{D(g) sm) o {tD,D (g) M) o {{Sd o tid) (g M) 

= fAI ° "^SM ° iVD «> M) 
= VM ° iVD ig" M) 

= idM- 

Applying Lemma |2. II we obtain the equality qm = "^ sm ° 6M- 
The opposite implication follows a similar pattern: 

'fM o s\j o (M (g r?D) 
= LpM ° (n£ (g M) o s'^^ o (M (g ijd) 
= {{£d o f^D) ®M)o (n^ (g qm) o s^^ o (M (g r/^) 
= {{eo o fJ-DO t'j^j^) (g M) o (D (g s\,j) o {qm (g r/z)) 
= {ed (g M) o V^j,,^ o qm 
= {ed (g M) o ^m 
= id-M, 

and by Lemma 12.11 we have that ipM = 'Pm ° '^ sm ■ 

U 

Corollary 2.11. Let -D be a WBHA with invertible antipode and (M,ipM, Qm) an object in 
^yV. It holds that 

V^M o "^SM = fM ° "^r^j = fM; ^SM ° QM = ^ r'^^ ° SM = QM- (118) 

Proof. Using that M is a D-comodule, the condition (yd-3) twice, (c4) and the counit property 
we can write 

fM ° ^SM 
= {ed (S> M)o Qmo ipM o VsM 

= {{£d o ^d) (g) M) o (D (g) tm) o {{{hd ^ ^m) o{D^ tD,D (g) M) o {5d (g> qm)) ® Ad) 

o{D (g SM <8 £d) o (Sd 'S> sm) o {^d <8 M) 
= {{eo o Md) (g) M) o (D (g) tm) o {{{^d (S) ifM) o{D0 tD,D ®M)o {5d (g) qm)) ® Ad) 

o{D(S)M(S) {{D (g) Ed) o 5d)) o (D sm) o (fe (g M) 
= {{en o ^d) (g) M) o (D (g) tm) o (((/Ud ^ Vm) o (-D (g tD,D (g) M) o {5d ® Qm)) ® Ad) 

o{D sm) o (i5d «) M) 

= (ed (g) M) o QM oipM 
= VA4- 

Now, by Proposition 12.101 we also know that qm = "^sm ° QM- The remaining equalities can 
be proved by similar arguments. HI 
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In this part of the work the announced monoidal structure of j^yD in the general case is 
presented. We want also to point out that when we restrict to the braided case we recover the 
monoidal structure exposed in [5J, so it could be said that the new theory introduced in this 
work is coherent with the classic one developped in the Hopf algebra setting. 

2.12. Let L> be a WBHA. If (M, (Pm) and (N, (pi\i) are left D-modules and it exists a quadruple 
{i"M,r'j^,SM,s'f^) forming an (M,D)-WO compatible with the (co)module structure, then two 
different morphisms arise naturally: 

VjucgiAf = i^M '^ ^n) o {D iSi sm <Si N) o ({6d o t/d) (g) M (g) A^), 
AMcg)Ar = ii^D ° fJ-o) (Si M 1^ N) o {D rM '^ N) o {qm ® Qn)- 

Lemma 2.13. Let D be a WBHA. If (M, i^m) and (A^, (/?7v) are left D-modules and {rM,r'j^, sm, s'm) 
is an (M, D)-WO compatible with the module structure, then the morphism ^m^n is idempo- 
tent. It holds the analogous result for Am(^n in the comodule case. 

Proof. We will give the proof for Vm^n- Using the compatibility, the module character or M 
and A^ and the conditions (c4) and (b4) we have: 

= {ipM (S) (Pn) o {D (g) ifM (S) D ^ ipN) o {D ^ D (g) SM (S) D N) o {D (g) tD,D ® SM (g A^) 

o((5d o tjd) (g> {Sd o -qo) (g) M (g) N) 
= i^M <g <Pn) o (D (g) SM N)o {{{flD (g /Ud) o (Z) (g tD,D (g D) 

o{{Sd o tid) (g {6d o vd))) (gMg)N) 

= VM(giAf- 

n 

The following two lemmas have been introduced as technical tools to be used in order to show 
that the morphisms Vm^n and Am^n coincide. 

Lemma 2.14. Let D be a WBHA with invertible antipode. If {M,ipM, Qm) is a left D- 

(co)module and {rM,s\f,SM,s'j^) an (M,D)-WO compatible with the (co)module structure, 
then 

V4,oV,„ = V,,,oV,.^. (119) 

Proof. Using the properties of WBHA, (|98p twice, (|7ip and (|55p . we have: 

= (ed <g ^s'J ° {rM ®D)o{M^ {tD,D oSd)) 

= {ed (g M ® D) o {vM ^D)o (M (g tD,D) ° (V^/^^ (g D) o (M g) 5d) 

= (ed (g M (g D) o {rM ^D)o{M(g {tD,D ° ^d)) ° V^/ 



VrM°V,/^,- 



n 



As a consequence: 



Lemma 2.15. In the hypothesis of the previous lemma, if it also holds that (M, tpM, Qm) G d^^ 
then 

(M {ed o ^MD)) o {{^s',, ° Ai o qm) ®D) = {M® {ed o hd)) o {{r'M o qm) ® D). (120) 
Proof. Indeed, 

(M (g {En o hd)) o ((V,/ o r^^ o qm) (g D) 
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(M [en o /iD o (nj «) £>))) o ((V,/^^ o r'^,j o ^m) ® D) 
(M (g) (eo o fio)) o ((V,/ o r^,^ o (TTJ ® M) o ^m) ® D) 



'M 



= (M ® (eo o /Ud)) o ((V,/^^ o r^^) (g) D) o {D (g) cpM (S) D) o {tD,D (8) M (g) D) 

o{D (g) {tm o sm) (S)D)o {{6d o rjo) (g M (g D) 
= {M (g {ed o fiD)) o {C^s'j,j ° ru) (gD)o {ipM (g D (g D) o {D (g SM (S) D) 

o{{6DOT]D)^M(gD) 
= {M(g {ed o Hd)) o {{Vrj,t o V,/^ o (ipM ®D)o{D(g sm) 
o{itD,D o t'^jj °^D° Vd) ® M)) (g D) 

= {M(g {ed o /xd)) o (V^m (^D)o {sm (gD)o{D(g ipM (gD)o {{t'^j^ o 6Dor]D)(g M (g D) 

= {M(g {ed o fJ-D)) ° {{"^rM ° i<fM 'gD)o{D0 sm) ° {{tD,D ° t^),/) o ^D o Vd) <8) M)) (g D) 

= (M ® {ed o iid)) o ((V,.^, o {i^M g)D)o{D(g sm) o {{6d ° Vd) <8) M)) (g D) 
= {M(g {ed o ^id)) o {r'j^ (gD)o (((n2 (gM)o qm) (g D) 
= {M(g {ed o fiD)) o {{r'j^j o qm) (g D). 

In the preceding calculations, the first and the last equalities follow because e£)0/x/)o(n£)(8-D) = 
£d ° fJ'D ■ The second uses Propositions 11.171 and 11.181 We get the third and the tenth ones by 
the equation 

(TT^ (gM)o QM = {D(g ifM) o {tD,D (g M) o {{D (g TM o Sm)) o {{Sd o vd) (g M), (121) 

which follows by Lemma 12.91 In the fourth and seventh equalities we apply the compatibility 
condition for the module structure; the fifth relies on Lemma [2.14| and the sixth is a consequence 
of (160p . Finally, the nineth equality follows by (b2-l). 

D 

Now it is possible to check that the idempotent morphisms defined in paragraph 12.121 are the 
same. 



Proposition 2.16. Let D be a WBHA with invertible antipode. If (M, ipM, Qm) and (A'', ip]\j, g]\j) 
are objects of ^yT> then 

Proof. We have: 

^M®N 

= {{^M ° s'j^.j) (g ifN) o{M ® {6d o tjd) (g N) 

= {{^M o s'm) (8) N) o (M (g ((TTJ, ® N) o qn)) 

= {{{{ed o /Ud) (g M) o{D(g (tm o sm)) o itD,D 0M)o{D^ qm)) <g) N) o {s'j^j (g N) 

o{M(gQN) 

= {{{M (g {ed o fiD)) o {t'm (gD)o{D(g sm) o {{tD,D o t'^jj) (gM)o{D(g s'm)) (g N) 

o{qm ® qn) 
= {{{M (g {ed o AiD o tD,D)) o {sM (gD)o{D(g r^^) o {t'^^^ (gM)o{D(g s^^)) (g N) 

o{qm f^ Qn) 
= {{{M (g {ed ofiDO tD,D)) o (V^/^^ 'gD)o [M (g t'^jj) o {r'^ (g D)) (g N) o {qm (g qn) 
= {{{M (g {ed ofiDO tD,D)) o {M (g ^j.D (g D) o {{sm (g {vd <» M)) (g t'^jj) 

o{r';^ g) D)) (g N) o {qm g) qn) 
= {{{M (g {ed o f^o)) o{M(g {^D o tD,D) 'gD)o {{sm {rjD (g M)) (g Vd,d) 

o{r'j^j g) D)) (gN)o {qm g) qn) 
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= (M (ed o fio) (^N)o ((Vy^^ o r'^ o qm) O ^tv) 
= (M ® (sd o hd) ^N)o {r\,^ (g>D(g)N)o {qm (E> Qn) 

= ^M(S>N- 
In the preceding calculations, the first and the last equalities follow by (|80p and (|79p . respec- 
tively; the second and third ones are consequences of Lemma 12. 9| the fourth apply compatibility 
of the comodule structure. In the fifth and seventh equalities we use (c2-l) and (c3-2), respec- 
tively; the sixth follows by (I77p . and the eighth and nineth follow because D is a WBHA. Finally, 
the tenth equality relies on (|120p . 

D 

2.17. Let D be a WBHA and let (M, ipM, Qm) and {N, ip^, qn) be objects of ^yV. We denote by 
M X N the image of the idempotent Vm® A^ and by pm^n : M (i^N —^ M x N, im^n '■ M x N ^ 
Mi^N the morphisms such that iM(^N°PM®N = "^ M®N atud pu^N oiu^N = idMxN- Actually 
the object M x N will be taken as the product of M and A'^ in the category ^yD. In order to 
provide ^yD with a monoidal structure, first to all, by Definition 12. 3| the object M xN must be 
equipped with a compatible a weak operator. To do so, we state first some preliminary results 
and convenient notation. 

Lemma 2.18. Let D he a, WBHA with invertible antipode. If {M,(pM, 6m) and {N,(pi\f, Qi\f) 
are in ^yD then: 

{D (g) Vm(^n) o {tm (S>N)o{M(g> vn) = [vm (S> N) o [M ® r^) o {^Mm (^ D), (122) 

{^Mm D) o {M (g) r'j^) o {v'm (g) N) = {M r'j^) o {r'^ ® N) o {D (g Vm^), (123) 

(VM®iv 0D)o (M (g) sat) o (sm (g)N) = {M® sn) o {sm (g N) o (D (g Vm<s,n), (124) 

{D VAf®7v) o {s'm (^N)o{M(S) s'n) = {s'm ®N)o{M® s'^) o (Vm®7V ® D). (125) 

Proof. We will show (|122p . the others being analogous. First at all, using (yd-1) twice, the 
compatibility with the module structure, (bl) and (a2-4), 

(Vd,d ^N)o{D(g) tn) o {qn «) D) 
= {^D,D ®N)o{D® tn) o {{{^iD (X) Vn) o{D(g) tD,D ® N) o {{So o rio) Qn)) ® D) 

= i^D,D (X) (Pn) ° {l^-D ® tD,D (8) A) o (Z) (g) tD,D 'S> rjy) o ({6d o Vd) £>Af (g D) 

= (/XD (g) D (g) ipN) o{D(E) Vd,d (g)D(g)N)o{D(g)D(S) toi^D (g) A) o (D (g tD,D <» r^) 
o{{Sd o t]d) (^ 6n ^ D) 

= {llD®D® ipN) o{D(E)D(S) tD,D (g A) o (D g) {Vd,D o *£>,£>) ® vn) 

o(((5d o ijd) <^ 6n 'S) D) 
= {D(g)rN)o{g]y(g)D). 

Now, by the characterization Vm^tv = ^M^N obtained in Proposition I2.16| the compatibili- 
ties with the comodule structures, the conditions (cl) and (b3) and the equalities (I19p and (I34p 
we get: 

{D (g VAf®7v) o {rM (g A) o (M (g TTv) 

= (L> g) {{{ed o hd) M (g A) o (D (g ru (g A) o {qm (g qn))) o (r^/ (g A^) o (M g) r^v) 
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= {{{D {ed o ^iD) <S)M)o {tD,D ® tm) o {D <^ tm ® D) o {D ® M ® tD,D)) «) N) 

o{D (g) M (g) D tn) o {qm Qn (S) D) 
= {{{D (g) (ed o /Ud) M) o {tr)^D (S) D (g) M) o {D (^ 1^,0 ® M) o {D (g D (^ ru)) ® N) 

o{D ®rM ® tn) o (qm i^ Qn 'S> D) 
= {{{D ®eD(gM)o {tD,D <S)M)o {^D (g) rM)) ® N) o {D ® rM tn) 

o{qm (g QN ^ D) 
= {{{{eD o fxr)) <^ D (g) M) o {D (g V d,d ® M) o {D (g D (g vm)) g) N) o {D g) vm <» tn) 

o{qm (g) qn ^ D) 
= {{sd o fJ-o) ® rM (g N) o {D ^ rM (g D ^ N) o {qm (g Vd,d (g N) o {M (g D ^ rjy) 

o(M (g QN(gD) 
= {rM (gN)o{M(g TTv) o {\/M<g>N CS> D). 

U 

2.19. Let D be a WBHA with invertible antipode. Given (M, f^M, Qm) and (A^, fN: Qn) in fjD^^ 
we denote by ipM®N the morphim: ^m®n :D®M(gN^M(gN defined by 

fM^N = {^M ® ^n) o{D (g Sm ® N)o{5D(gM ® N), 

and by qm®n the morphism qm®n :M(gN^-D(gMigN defined by 

QMiS^N = ifJ-D I?) M ig N) o {D 1^ rM <g N) o (qm Qn)- 

Note that Vmi^n = fM(X)N o {r]D ® M ® N) = {ed ® M (g N) o qm®n- 

Using this notation and the compatibihty with the correspondent weak operators, it results 
that: 

fM(S)N o {D (g Vm^n) = fM(g)N = VM(g)7V ° fM(S)N, (126) 

QM®N o Vm«)7V = QM®N = {D ® VM(g)N) ° Qm®n- (127) 

Moreover, being {P,ipp,Qp) in ^yD and combining the above equahties with Lemma 12.181 we 
obtain 

{iM<S,N 'gP)o V(Mx7V)(g)P ° {PM®N (g P) = {M (g iN®p) o ^M®{N->cP) ° {M (g PN(X)P), (128) 

and 

(M (g iN®p) o VM<g,(JVxP) o (M (g) PN(8P) = (VAfcg)Ar (g) P) o (M (g) V N(^p) = (129) 

(M (g Vjv®p) o {Vm(^n (g P)- 

Proposition 2.20. Let D be a WBHA with invertible antipode in C. Given {M,ipM, Qm) and 
(A^, (fN, Qn) in ^yT), the quadruple {rMxN, r'MxN^ smxN, s'mxn) i^ an (M x A^, D)-WO, where: 

rMxN = (Dig pm»n) o {rM (g A^) o (M (g) r^) o {iM®N ® D), 

r'MxN = {PM»N g>D)o{M ig r'j^) o {r'M (g N) o {D g, im^n), 

SMxN = {PM»N (g D)o{M ig Sn) o {sm (g) A^) o (D (g) Im^n), 
s'mxN = {D'^PM(!^n) o {s'm <SiN)o{M (g s'jy) o {iMfSN ^ D). 

Proof. We must check that the conditions stated in Definition 11.91 are satisfied. The proof of (cl), 
(c2) and (c4) consists basically on use twice these conditions referred to M and A^, apply the 
statements obtained in Lemma l2. 181 and the equality Vmi^n = ^M^N °PM^N- We write (cl-1) 
to illustrate the procedure: 

{D <g rMxN) ° {rMxN (gD)o{M X N^ tD,D) 
= {Dg)Dg) pm(x>n) o {D (g rM (g N) o {D (g M g) r^v) o {{{D (g Vm®n) o {rM «) A^) 



^ rM X N 
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o(M (g) Tat)) (g) D) o (iAf(g)Af 'X' ^d.d) 
= (L> L» pM®Af) o (£) (g) rju g) A^) o (D (g) M O tat) o (rM g) iV £>) o (M ® ta? (g Z?) 

°{iM(S)N ® iD,D) 
= (*£>,£> (8) PM(g)N) o {D ^rM (^ N) o (rM g) "Tat) o (M (g Tat (g -D) o [iM^N (g -D (g -D) 
= (tD,D (g PM®iv) o (D (g TM (g A^) o (I) <g M (g TAf) o (((D (g Vm^At) o (^Af (g A^) 

o{M (g) tat) o (iM®7V ® -D)) -D) 
= {tD,D (S) M X N) o (D (g) rMxN) o (r-MxTV <S) D). 

The condition (c5) follows directly applying Proposition II . 19l twice for M and N. 

As far as the condition (c3), we prove only (c3-l) because the others are analogous. Using the 
definition of VmxN, Leninia [2.18| the condition (c3-l) referred to M and A^, and the condition 
(c4) referred to A^ it follows that: 



{r'j^,j (g)N)o{D(g) VMm) ° (rM g N) o {M (g vn) 

(Vr^ (g A^) O (M (g TAf) o (iMm <^ D) 
= (ed <Xi Pm®n g) ^) o (rju <g r'j^) o (M Sd <g N) o (M (g rjy) o {iu^N ® D) 
= (ed <8) PM^N fg D)o (rM <g ^rpf) o (M (g Tat (g £>) o {iM(g)N 'X' Sd) 

= (((ed 'S'Pm^n) ° (rM (g ez) (g A^) o (M g) D g) riy)) (g D) o (M (g tat g) 6d) o {iM®N ® ^d) 
= {{{eD «) PAmN) o [rM (g Ed (g N) o (M (g 6d (g N) o (M (g) tn)) <S> D) o {iMm ® ^d) 
= {{{eD (g M X iV) o vmxn) (gD)o (M x N(S)6d)- 

D 

Proposition 2.21. Let D be a WBHA with invertible antipode. If (M, ipM, Qm) and (A^, ip^, qn) 
are objects in %yT>, then (M x A^, tpMxN, QMxn) is in %yT>, where 

VmxN =Pm®n °'^M<^N ° {D (^Im^n)-, (130) 

QMxN = {D ® Pm®n) ° 0M(g)N o iM®N- (131) 

Proof. In Proposition I2.20| an (M x A^, D)-WO is explicitly defined, so it only remains to prove 
that ifMxN and qmxN are compatible (co)module structures satisfying the conditions (ydl) and 
(yd2) . We leave to the reader to show that (M x A^, ifMxN) is a left D-module and (M x A^, qmxn) 
is a left D-comodule. As far as compatibility, using compatibilities for M and A^, the condition 
(b3-3) and the equalities (I126p and (I76p referred to M we have: 

TMxN o {<fMxN ^ D) 

= {D® pm®n) o {tm ®N)o{M® tn) o {{Vm(^n ° 'fM®N o (D g) im^n)) ® D) 
= {D® pm®n) o {ru ®N)o{M® r^) o {{{(pM <^ Vn) o (D (g sm 'Si N) 

o((5d g) iM®N)) <^ D) 
= (L> (g PM(S,n) o {D (g) ifM (S) N) o {tD,D S M (g) N) o {D (g) {{rM S 'Pn) o (M (g tD,D (g A^) 

°{sM <S Vn))) o {6d (g iM(g>N (g D) 
= {D(g) {pMm o {ifM S vn))) o {tD.D (g SM (gN)o{D(g) tn.D S M (g) N) 

o{5d <g {{vM (gN)o{M(g tat) o {iMfsN (g D))) 

= {Dgi Pm®n) o{D(g {ipM^N o{Dgi VM(g.Af))) o {tD,D M g N) 

o{D (g {{rM S>N)o{M (g r^) o {iM(g,N <» D))) 
= {Dg (PMxn) o {tD,D (g M X N) o {D g) vmxn)- 
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The proofs for r'^^^j^, smxN and s^^^at) ^^^ analogous. By similar arguments we get the result 
for the comodule structure. 

To prove the condition (ydl) we write: 

ipMxN o (n^ (g) M X iV) o QMxN 

= PM(S)N o (ipM (Pn) o{D (S) Sm 'S) N)o {{5d o n^) (g) M (g) TV) o gM(g)N o iM^N 

= PM®N o (V'M <g ^n) o (^D <g SAf (g A^) o (n^ (g) {5d o ??d) (g M (g iV) o £iM®Af o ^M®Ar 

= PM(g)Ar o {ifM ®N)o (n^ (g (((V3M ° s'j^) (g) (y^Ar) o (M (g) ((^D o r//)) (g TV))) o ^mcedAt o iut^N 

= PM®N o {(fM (g TV) o (n^ (g) VM(g)Ar) o 0M^N o iM«)iV 

= PM(g.Ar ° i^M (g TV) o (n^ (g) iMc^iv) ° ^MxTV 

= ((££> o /^d) (g) TW X TV) o (n^ (g) Qmxn) o ^lAf xAT 

= ((£/) o (n^ A ido) (^M xN)o QM^N 

= iduxN- 
In the preceding calculations, the first equality follows by p27p . while in the second one we apply 
that 5d °n^ = {^£) (gi-D) o (n^ (g) {5d °f]D))- In the third one we use (|80p ; the fourth one follows 
because of the characterization 

^M^N = ii^PM o s'a/) ig" ^n) o (TW (g {Sd o Vd) (g TV) 

obtained in the proof of Proposition 12.161 The fifth equality follows by the definition of qmxN , 
and the sixth one by the equality 

PM^N o {ifM (g TV) o (n^ (g, Im^n) = {{sd o ^J'D) ® M X N) o (H^ (g) qmxn), 

that in turn can be deduced using (b5) and (|114p . Finally, in the seventh equality we use that 
[M X TV, qmxn) is a left D comodule and the last one follows by (|26p . 
As a consequence (ydl) holds: 

{^^D (X) -Pmxn) o (-D (g tn,D (g) TVf X TV) o {{5d o r]o) (g) Qmxn) 
= {D(g ipMxN) o (D (g n^ (g TW X TV) o (,^£, (g M X TV) o gj^jy^^ 

= QMxN- 
To prove (yd2), using similar technics and results together with (|126p . (|127p and the condition 
(yd2) referred to M and TV we get: 

(/XD (g Tlf X TV) o (D (g tmxn) ° {{qmxN ° 'Pmxn) <S) D) o {D (g) smxn) o {6d <S) M x N) 

= {PD (g PMm) o (L» (g TAf (g TV) o (D (g TVf (g tat) o (((/i£, (g Vm(X)N) o (L> (g Tm (g TV) 
o{eM ig" Qn) o Vm®7V o (VAf <g ^n) o (L> (g SAf (gi TV) o (,5d (g iM(^N)) <g ^) 
o(D (g {{pM®N 0D)o {M (g sn) o (sAf (g TV))) o ((5£, (gi iA^^Ar) 

= (AiD <^PM(^n) o (L) (gi ta^ (g) TV) o ((^a^ o (^^^) (g {{fiij (g TV) o (L) (g tat) o ((^Af ° <Pn) (^ D) 
o{D (g sn) o ((5d (g N))) o{D(g) SM (g TV) o (<5£, (g imi^n) 

= (p-D^PAmN) o (-D (g) rM (g) TV) o ((^.j^/ o 99 Af) (g ((/i£, (g) 99 at) o {D®tD,D (g TV) o ((5d (g £iAr))) 

o{D (g SAf (gi TV) o (Jo (g im^n) 
= ifJ'D (gPM^Ar) o (_D (g rAf (g) (/^a^) o (((/^D (g TVf) o (D (g ta/) o ((^ia/ o (/3a/) D) o {D (g Sm) 

o{6d (g) TVf )) (g) tD,D (g TV) o (D (g SAf (g £iAf) o {6d (g in^N) 

= ifJ'D ^PM(^n) o (-D (g) Ta// (g 93Af ) o (((a^D (g V'Af ) o (-D (g tD,D (g TVf) o ((5£, (g ^Af )) <g tD,D <g A^) 

o(D (g SM ig" ^lAf) o (5d <g iM(g>N) 
= ifJ'D (g PM(S)N) o{D(g) iiD (g C/9A// (g TV) o (to^o (g TV/ (g TV) o (D (g) TAf (g (/Jat))) 

0(^0 ®D®M® tD,D (g TV) o (D (g ((t£,_£, ®SM®D®N)o{D® tD,D M ^ D (g N) 

o{Sd (g) £'A/ <g qn))) o (<^D (gi iMiX)7v) 
= (/iz) 'S)PM®n) o (D (g ((/iz) (g) 99Af (g V'Ar) o (D (g t^.D <g ^Af (g TV) o {tD,D <g ^D,!) Tlf (g TV) 
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o{D (g) tD,D 0rM <^N)o {6d (8 QM <^ Qn))) ° i^D ^ iu^N) 
= ifJ-D "X) {PMigiN o ^M(^n)) o{D<^ tD,D M (g) iV) o ((Jj) (g) {qm^N o IM^n)) 
= {^D ® ^Mxn) o{D(g) tD,D ®M X N)o {So (g) QMxn)- 

D 

We proceed now to state and prove the main result of this work, giving an exphcit description 
of all the required components of the monoidal structure for j^yD. 

Theorem 2.22. Let D be a WBHA with invertible antipode. Then ^yV is a non-strict monoidal 
category. 

Proof. Given {McpM, Qm) and {N, ipj\^, g^) two objects in j^yD we define as its product M x N 
the image of the idempotent Vm^n, that by Proposition 12 . 2 ll is a left-left Yetter-Drinfeld module 
with associated weak operator the one defined in Propositon 12.201 
The base object is Dl = Im(I[j^); with left D-(co)module structure 

^Dl =PL° IJ'D°{D(8)iL), QDl = {D®pL)o5DoiL, (132) 

where pi : D ^ Dl and i^ '■ Dl — )• D are the morphisms such that Ilj) = ii ° PL and 

PLoiL= idoL ■ 

It holds that (r^)^ , r^ , sdj^ ,s'j-, ) is a (Z^L) ^)-W0 compatible with the (co)module structures 
of Dl, being 

roL '■= {D (gi Pl) o tD,D ° {ii <X) D); r'j^^ := {pi ® D) o t'^jj o (L) (g il) 
sdl '■= {PL ®D)o tD,D o{D(S) il); s'j^^ := {D (g pl) o t'j^j^ o {i^ (g D). 
The triple {DL,ip£)^, Q£)^) satisfies (ydl) and (yd2) because it corresponds to the particular 
case of the projection {D,idD,idD) over D [[5], Definition 2.7, Proposition 2.19] and then 

{Dl,VDl,QDl) is in E^^- 
The unit constrains are: 

hi = <^M o {ii <8) M) o iD^^M -.DlxM^M, (133) 

tM = (PM ° s'jyi o (M (g (TTJ o Zi)) o iM^DL : M xDl-^ M. (134) 

These morphisms are isomorphisms with inverses: 

hi = PD^mi o {pL ifM) o {{6d orjD)^M):M^DLxM, (135) 

^M = PAmDi^ ° {^M ® pl) o{D(g) sm) o {{Sd or]D)(E)M):M ^ M X Dl, (136) 

and they are actually morphisms of f)3^^- We write the proof for one of the required equalities, 
the remaining being analogous. In fact: 

TM o (tAf ^ D) 
= TM ° iii^M ° s'm O (M (g) (n^, o i^)) o iM^Di)) ® D) 

= {D(S) ipM) o {tD,D 0M)o{D(g) tm) o {s'm (g -D) o (M (g (TT^, o i^) ® D) o {im^Dl ® D) 
= {D(g) {ifM o s'm)) o {rM (E)D)o (M tD,D) o (M (g (TlJ o i^) (g L>) o (fMc^Di (^ D) 
= {D® {^M o 4^ o{M® (TTJ o il)))) o {rM ^ Dl) o (M r^^) o {iM^J ® D) 
= {D0 {ipM o Sm' o (M {U^ o il)))) o (D (g Vm^Dl) ° (rM ^ Dl) o {M ® r^^) 

o{iMig)DL ^ D) 
= {D®Xm) orMxDL- 
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If M, N, P are objects in the category £,yT>, the associativity constrains are defined by 

aM,N,p =P(MxN)(g,p°iPM(B>N'S)P)o{M0iN(i^p)oiM^(NxP) : M X {N X P) ^ {M X N) X P. (137) 
Its inverse is 

hIn,p = PM<iSiNxP)°{M(g)pN^p)o{iMm(^P)°i{MxN)(B>P ■ {M X N) X P -^ Mx{NxP). (138) 

Using (|129p . (|128p and Lemma [2. 181 we check that they are morphisms of left-left Yetter-Drinfeld 
modules, and in turn this fact allows us to prove the triangle and the pentagon axioms. 

As far as tensor products of morphisms in ^yD is concerned, if 7 : M — )• M' and (j) : N ^ N' 
are morphisms in the category, we define 

7X0 = pM'xN' o (7 (g) 0) o iM»N : M X N ^ M' X N', (139) 

which is a morphism in j^yT) and 

(7' X (/.') o (7 X </.) = (7' o 7) X {(j)' o (I)), (140) 

where 7' : M' -> M" and ((>' : N' ^ N" are morphisms in^yV. U 

Remark 2.23. In the particular case where the category C is braided with braiding c and we 
take {cm,d,c^'[ £): cd,m, c^ m) ^^ ^^^ (-^' ^)-W0, the formal properties of the braiding simplify 
the calculations, but it is important to note that the global definition of the braiding is not an 
essential component in the notion of Yetter-Drinfeld module. 

3. Projections and Yetter-Drinfeld modules 

In this section we illustrate the preceding definitions with a family of examples, those coming 
from projections. These examples are especially relevant for various reasons. One of them lies 
on its physics motivations. In a braided category the bosonization introduced by Majid in |14] 
induces examples of projections. On the other hand, the Radford theory shows the key role that 
projections play in the theory of Yetter-Drinfel'd modules. 

We briefly recall the definition and main properties of projections of WBHA. The details can 
be found in [[5j, Section 1]. 

Definition 3.1. Let D, B be WBHA. A projection for D is a triple {B,f\g) where f : D ^ B 
and g : B ^ D are morphisms of WBHA such that g o f = id^); and satisfying the following 
equalities: 

(i) {B^ifo g)) o tB,B = tB,B « ((/ o 5) (^ B). 
(ii) ((/ og)^B)o tB,B = tB,B o (5 (g) (/ o g)). 

A morphism between two projections (B,f,g) and {B',f',g') associated to D is a morphism 
of WBHA h : B —^ B' such that h o f = f and g' o h = g. The set of projections associated to 
D and morphisms of projections is a category, which we will denote by Vroj{D). 

Remark 3.2. Notice that simultaneous verification of the conditions (i) and [ii) in Definition 
13. II for tB^B is equivalent to its verification for t' b,b- 

Proposition 3.3. Let D be a WBHA and let (i?, f,g) be an object in Vroj{D). The morphism 
q^ : B — > B, defined as 

q^ := idB A (f o Xoog), 

is an idempotent. 
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As a consequence there are an object Bd, an epimorphism p£ : B — > Bd, and a mononiorphisni 
i£ : Bd -^ B such that q^) = i£)° P% and p^ o ^^ = ^c^Bo • Moreover (5/5 , ry^^ = Pr/^VB, IJ-Bo = 
pB°/^b°(^B'^^d)) is ^^ algebra and {Bd^ebd = ^Boio^^Bn = (pB®PB)°'^-Boi|^) is a coalgebra 
in C and {Bd, ^Bd = Pd ° f^B ° {f ^ io)) i^ ^ ^^^^ D-module and {BdjPBo = id ^ Pd) °^b° ^d) 
is a left ZJ-comodule. 

Proo/. See [[5], Propositions 2.11, 2.13 and 2.17]. D 

Proposition 3.4. Let D be a WBHA and {B,f,g) G \Vroj{D)\. We define: 
rBo ■= is (^ Pd) ° ^B,B o (ig «> /); r^^ := (pg 9)° ^5,5 ° if ^ ^g)' 

SBd :=(pg®5)oiB,Bo(/®ig); s'bo ■■=i9(^PD)°t'B,B°i^D^f)- 
It holds that the quadruple (rg^, , r^ , sb^ ,s'q ) is a (i?D) ^)-W0 compatible with the (co)niodule 
structure defined for Bd in Proposition 13.31 

Proof. On each condition, just some parts are proved to illustrate the technics applied, the 
remaining being analogous. 

On the condition (cl) we check (cl-1) explicitely: 

(D <S)rBo)° [rso ® D) o (Bd to^o) 

= {D(^ {{g pg) o tB,B)) o (((5 ® Qd) ° ^B,b) ^B)o (ig ® ((/ ® /) o tD,D)) 
= {g(^g(^p1))o{B® tB,B) o {tB,B <S>B)o (ig (g) {tB,B o (/ «) /))) 
= {{{9 O 5) o tB,B) ® Pd) °{B® tB,B) o itB,B ® S) o (zg ® / (g) /) 

= {tD,D ^ Bd) o {g ® g ® p^) o {B Ib^b) o{B(E)q%®B)o {Ib^b O -B) o (ig o / ® /) 
= {tD,D ^ Bd) o (D (g) re^) o (r^^ D). 
In the preceding calculations, the first and the last equalities hold by the definition of r^^, on the 
second one we use [|5], Lemma 2.16] and the fact that / is a morphism of WBHA. The third one 
follows because of tB,B verifies the Yang-Baxter equation, and the fourth one uses [[5], Lemma 
2.16] together with the character of morphism of WBHA for g. 

The proof for the condition (c2) is similar, but using the equality (j3|) instead of the verification 
of the Yang-Baxter equation. 

For (c3-l), using that i? is a WBHA, the definition of projection, [[5], Lemma 2.16], (b2-3) 
and the equality (J20|) we have: 

= rBn ° r'B^ 

= {Pd <» 9) ° t'j^,B ° (.if °9)^ Qd) ° iB,B o {io ® /) 
= (Pd ®9)o ^b,b o (ig ® f) 
= (Pd ® es O ff) o {'^b,b 0B)o (ig (g) {6b o /)) 
= (es pg O ff) o {tB,B ® -B) o (ig {5b o /)) 
= {eb 0Bd(^D)o {tbb ^D)o {Bd (g 6d)- 
Arguing analogously we obtain that 



Vrs^ = {fiD ^ Bd) o{D® {tbo ° {Bd ® Vd)))- 

For the condition (c4-l), by the definition of projection, [[5j, Lemma 2.16] and the properties 
of the weak operator tB,B we know that: 

{lJ,D (g Bd) o (D (g rs^) o {vb^ D) 

= {HD (8) Bd) o (5 (g) 5 (g) pg) o (B (g tB,B) o{B®q^®B)o {tB,B ® -B) o (ig / (g) /) 
= (5 g) pg) o (^B <S)B)o{B(S) tB,B) o {tB,B (g S) o (ig (g) / (g /) 
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= (g^ p%) o tB,B o {i% ^ (MB o (/ «) /))) 
= TB^ O (B^, (8)/iD). 

Finally, the condition (c5) follows because / and g are morpliisms of WBHA and by [|2], 
Proposition 2.12]. 

In order to see the compatibility with the (co) module structures of B£), we just state explicitly 
one of the required equalities to illustrate the technics. We can write: 

{D O ipBj,) o {tD,D O Bd) o (L> (g) rs^) 
= {D® (pg ofiBo{f^ qE))) ° itD,D <S)B)o{D0g^B)o{D® {tB,B o (Id ^ /))) 
= {g(^ (pg o ^b)) o {tB,B (S)B)o{B(S) tB,B) o (/ ® iB ^ /) 
= (5 (g) pg) o tB,B o inB ® S) o (/ (g) ig (g) /) 
= (50 pg) o tB,B o ((zg o pg o ^s) B) o (/ O ig /) 
= ?^Bi5 o(V'Bo (^-D). 
The remaining equalities are analogous. D 

The above disquisitions allow to state one of the main results of this section: 

Proposition 3.5. Let D be a WBHA and {B,f,g) G \Vroj{D)\. With the notation of Propo- 
sition ESI {Bd,VBd^SBo) is in E^^- 

Proof. We have already shown that the quadruple (r^^ , r'^ , sbo , s'^ ) defined in Proposition 
13.41 is a {Bd,D)-WO compatible with the (co)-module structure. For the conditions (ydl) and 
(yd2) see [[5], Proposition 1.19]. D 

Remark 3.6. This example arising from projections of WBHA also suggests that the require- 
ment introduced in part (ii) of Definition 12.51 is natural in the sense that it is automatically 
satisfied in the case of this generic example. Actually, by definition of morphism between projec- 
tions over D, given such a morphism a : B ^>- B' between {B, f,g) and (B' , f ,g') (see Definition 
13. ip it induces a (co)module morphism an : Bd — )■ B'j^ such that zg o ao = a o i^. Then we 
have 

tb'^ ° {an ® D) 
= {9' ®Vd) ° iB',B' o ((ig' o an) ® /') 
= (q'^Pd) ° iB',B' o ((a o in) «> (" ° /)) 
= {{9' oa)0 (pg' o a)) o tB,B o {io ® f) 
= (g'Si {an o p%)) o tB,B o {i% ® f) 

We would obtain similarly the analogous results for r'^ , s^^ and s'^ instead of rsp , so any 
morphism in Vroj{D) induces naturally a morphism in ^j^yD. 

On these examples coming from projections the construction of the weak operator is based on 
the weak Yang-Baxter operator tB,B and its properties. We will finish this section seeing a link 
between the notions of weak Yang-Baxter operator and weak entwining structure, being the last 
one relevant, for example, in order to give a characterization of weak cleft extensions in terms 
of weak Galois extensions with normal basis, as can be found in |3] . To do so, the definition of 
invertible weak entwining is briefly recalled (see [4j for details). 

Definition 3.7. A right-right weak entwining structure is a triple {A, C, ^rr) where A is an 
algebra, C a coalgebra and ^rr :C(gA— 7>yl(gCisa morphism that satisfies: 

iHA ® C) o (A (g '^rr) o {^rr 0A) = ^rr o{C® ha), (141) 
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"^RR o (C r]A) = {eRR ®C)o 5c, (142) 

{A 5c) o -^RR = {^RR (^C)o{C® ^rr) o {5c A), (143) 

{A®ec)o^RR = ^lAo{eRR®A). (144) 

with crr = {A ® £c) o ^RR o (C (8) ??yi)- Similarly we can define a left-left weak entwining 
structure (A, C, ^ll) for an algebra A, a coalgebra C and a morphism ^ll ■ Ai^i C ^ C CS) A 
that verifies similar equalities to the previous ones with eiL = i^c ® A) o ^n o (r]ji (8) C). 

3.8. Let (A, C, ^rr) be a right-right weak entwining structure. Define Arr : A® C ^ A® C 
by Arr = (pa (8) C) o (A (g) ^rr) o (j4 (8) C (8 ?/a)- This morphism is idempotent and so is the 
morphism Vrr : C (^ A ^ C A defined by Vrr = {C (S) A (g) ec) o {C iS^ ^rr) o {5c (8 A). The 
corresponding idempotent morphisms for a left-left weak entwining structure will be denoted by 
All and Vll- 

Definition 3.9. Let A be an algebra, C a coalgebra and "^rr : C ® A ^- A ® C and '^ll '■ 
AiSi C ^ C A morphisms in C. We say that {C, A, ^rr, ^ll) is an invertible weak entwining 
structure if the following conditions hold: 

(i) {A,C,^rr) is a right-right weak entwining structure and {A,C,^ll) is a left-left weak 
entwining structure. 

(ii) ^LL o ^RR = All and "^rr o ^ll = Arr 

The relation between weak Yang-Baxter operators and invertible weak entwining structures 
can be expressed in terms of weak operators as follows: 

Proposition 3.10. With the notation of Proposition 13. 4| it holds that 

(i) {Bd,D,sbjj,s'^ ) is an invertible weak entwining structure, 
(ii) {BD,D,r'^ jTb^,) is an invertible weak entwining structure. 

Proof. We prove part (i). Let's see that {Bd,D,sbo) is a right-right weak entwining structure. 
First of all, it was already demonstrated that the quadruple (^'Boj^b ^^Bu^^'b ) is a {Bl),D)- 
WO, so we know that (|143p holds. On the other hand, using that {B,f,g) G \'Proj{D)\ and the 
properties of the weak operator t^.B and [|5], Lemma 2.16] we obtain p4ip . Indeed: 

[flBo ®D)o {Bd ®SBd)° {sBd ® Bd) 
= {{PD°^^Boi{i^op^)®{^^op^)))®g)o{BmB,BHB®{fog)0B)o{tB,B'^B)o{f0^^®i^) 

= UPd ° Mb) <8 ff) o (5 <8 tB,B) o {tB,B (8 S) o (/ (8 ig (8 i^) 
= (Pd ®9)° iB,B o{B® hb) o{f(^iD^ io) 

= SBd ° {D®flBo). 
To show (|142p . note first that in this case crr = (p^ (8 £b) ° iB,B o (/ <8 ?7b), so 
{eRR ®D)o5d 

= {Pd (^£b®D)o {tB,B (8 Z?) o (/ (8 r/B (8 -D) o (5d 

= (Pd ®£B<^g)o {Vb,b (^ B) o{r]B ® f <S) f) o 5d 

= (Pn 'S)£B<S)g)o {Vb,b <S) B) o {r]B (8 (Sb o /)) 

= (Pd O es <8 5) o (^ O Sb) o Wb,b ° (vb (8 /) 

= (Pd ®9)° tB,B o (/ <8 ig) o{D0 r]Bo) 

= SBo °{D®r]Bo)- 
In the above calculations, the first and the fifth equalities are just the definition of crr^ the 
second one uses (117p and go f = ido ', the third one follows because of / is a coalgebra morphism, 
and the fourth relies on (b2-3). By similar arguments we get (|144p . 



36 

The proof showing that {B£),D,s'^ ) is a left-left weak entwining is analogous. 
Finally we use similar properties to see that sbj^ o s'^ = Arr: 

SBn ° s'bo 
= {Pd O g) o tB,B o ((/ o 5) (g) (ig o pg)) o 4^^ o (ig (g) /) 

= (Pd '^9)° ^B,B o (in ® /) 

= {Pd ^9)° ^B,B o (^s O 5) o (ig (^r]B®f) 

= {P% ®9)° ifJ'B (^B)o{B^ Vb,b) o (zg O 7?B /) 

= (pg O D) o (^B S) o (ig ® (ig o pg) ® 5) o (B ® tB,B) o{BD®f® (ig o ryB^)) 

= (hBd ®D)o (Bd <S)SBo)°iBD^D® TjBo) 
= Arr. 
It can be checked similarly that s'^ o sb^ = A^^. HI 

4. Adjoint (co)actions and Yetter-Drinfeld modules 

In the theory of Hopf algebras it is a well-known fact that, if i? is a Hopf algebra in an 
strict braided monoidal category with braid c, the triple {H, tpH, 5h) is an object of ^yD where 
ifH : H H ^>- H denotes the adjoint action defined by 

Also, the triple {H, ^u/f , qh) is an object of b^^ where qb : H ^>- H (g H denotes the adjoint 
coaction defined by 

QH = ifJ-H <SiH)o{H (gi cb,h) o (Sh ® ^h) o 6h- 
Unfortunately, in the weak setting, the previous assertions are not true in general (see |6]). 
Indeed, being H a weak Hopf algebra in C, the pair (H, ipn) is not in general a left i?-module 
because the unit condition can fail, i.e. 

^H o {ilH ® H) = jiH o {H ^ {Xh o n^)) o5h ¥" idB, 

and for the adjoint coaction the counit condition may be untrue because 

{eb H) o qb = hb o [H ^ {Uh o Xb)) o6b 7^ idB- 

In this section we shall show that for every WBHA D the adjoint action and the adjoint 
coaction induce idempotent morphisms and as a consequence, using the factorizations of these 
idempotents, it is possible to construct new examples of objects in the category ^yD defined in 
the second section of this paper. Obviously, if iJ is a Hopf algebra, the idempotents associated 
to the adjoint action and coaction are identities and we recover the classical results. 

Proposition 4.1. Let D be a WBHA in C. Let ipo ■■ D ^ D ^ D and ^^i : D ^ Z) (g) D be the 
morphisms defined by 

V^D = f^DO ifJ'D ^ Ad) o{D g tD,D) ° {Sd ® D) 
and 

QD = {^D (gD)o{D® tD,D) o {^D (X) Xd) o 6d- 
Then 

ujd = iPD o ir]D ® D) : D ^ D, 

uj% = {ed <^ D) o QD ■■ D ^ D 
are idempotent morphisms in C and 

oJo = fJ-D o {D (S) {Xd o H^)) o 5d, 
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ujh = I^D o {D (^ (n^ o Ad)) o Sd- 

Proof. We prove the idempotent condition for uf). The proof for w^ is analogous and we leave 
the details to the reader. 

= fJ-DO ifJ-D ® ifJ-D o (Ad "X) Ad) o ^d.d)) ° ifJ-D ® tD,D (S> D)o{D<S) Id^d ® tD^r)) 

o{5d ®5d®D)o {r]D (8) 7?D <8) -D) 
= HD° ifJ-D ® Ad) o {D® tD,D) ° {{{pD ® fJ-n) o (D ® tD,D ® D) o {5d ® 5d)) ® D) 

o(??D (8) r/D (8) -D) 
= fJ-D° ifJ-D ® Ad) o {D (g) tD,D) o {{^D ° ^d) ® D)o {rjD 0r]D0D) 

, .a 

- ^D- 

The first equality follows by (b3-2) and associativity of fifj. The second one is a consequence of 

[[2], Proposition 2.20] and (b3-l). Finally, the third one follows by (b4) and the fourth one by 

the unit condition for ^d- 

The equalities 

and 



ujf) = HD o (D (S) (Ad o n^)) o 5d 



(^h = fJ-D o {D ® (n^ o Ad)) o Sd 
follow from [[2], Proposition 2.12]. D 

Examples 4.2. i) Let D = RG be the groupoid algebra considered in (1) of ll.4l Then the 

morphisms defined in the previous Proposition are: 

a / \ ■ , f (T if t(a) = s(a) 

"^«^") = "°^'*W = ioift(a)/.(.) 

^Ijg(^) =(7oids(a) =cr. 
In the particular case of the groupoid algebra on n-objects with one invertible arrow 
between each ordered pair of objects, we obtain that RG is isomorphic to the n x n 
matrix RG = Mn(R). The weak Hopf algebra H has the following structure. If Eij 
denote the (i, j)- matrix unit, RG has counit given by efiG{Eij) = 1, comultiplication by 
SnciEij) = Eij (g) Eij and antipode given by \RG{Eij) = Eji for each i, j = 1, • • • , n. In 
this case, n^g,(i?jj) = En, U^Q^Eij) = Ejj and then RGl = RGr is the submodule of 
the diagonal matrices. Therefore, the image of w^q is RGl- 
ii) In a general setting, if D is a commutative (/ud = /^D ° tD,D) WBHA, then 11^ = Hj), so 
by ([30]) and (|26|), we have 

= I^Do{D(g) ng) o 6d 
= idn A ng 
= ido, 
and u:'^ = ido A 11^ . 

In a similar way, if L> is a cocommutative {5d = tD,D ° <^_d) WBHA, then H^ = Hf), 
and ujfj = ido A 11^ and u'j-) = ido ■ 
iii) In this example we assume that C is braided with braiding c. Let A = (A, rjA, ha,£a, Sa) 
be a separable Frobenius algebra in C. Using the separability condition /ia o Sa = id a, 
we get that A (S) A is a weak Hopf algebra in C (see [18j) where 

??A®A = r]A'S) rjA, ^-A^A = ((/^A o Ca,a) ® I^a) o {A® CA,A ® A), 
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£A®A =£A° fJ-A, Sa($A = A (g) ((5^ o t/a) «> A, 
Aa®A = {£A(giA ®A0A)o{A^ CA,A ^A)o {{Sa o via) ca,a)- 
For A^ A we have 

ni^A = iiii^A o ma) ® A) o (^ ® ca,a) o ((^A ® ^)) ® r]A), 
and then 

'^A^A = (^ (^ (/"A o (ma A) o (.4 Ca,a) o (((5a o ??a) «> A))), 
^A(S)A = ((^A o ma) ® (ma o Ca,a) ®A)o{A(g) C~^j^ (g) Ca,a) o {c^^a ® ^A,A ® A) 

o{A ® {5a o iia) ® [c^^A ° ^a))- 
iv) Now we come back to section 3. Let D be a WBHA with invertible antipode and let 
{B,f,g) be an object in Vroj{D). Then the object B^ defined in Proposition 13.31 is a 
WBHA [[3, Theorem 3.4] with associated weak Yang-Baxter operator 

tBo,BD = ifBr, ® Bd) o{D^ rBo,Bo) ° {PBd ® ^d) : Bd®Bd ^ Bd® Bd, 

where tbij^Bd = (Pd ® Pd) ° ^B,B ° («£ ® ^i^), and antipode 

^Bd =PD°f^B° ((/ °g)'S> Xb) o5bo i%. 

Using the equahties proved in [[5], Lemma 2.16], e^ o g^ = e^ and i^b = Qd ° ^B we 
obtain 

^Bn = ii^B o I^b) Pd) o{B^ tB,B) o {{5b o 7]b) ig = pg o H^ o ig. 

Then, 

a B / B . / -B \ B ttL\\ -B 

^Bn =PD° [QD a {iD ° Xbb °Pd° ^b)) ° ^D- 

Similarly, 

^in = Pd ° (Qd a (n^ o il o Abo opg)) o {%. 

Proposition 4.3. Let Z) be a WBHA in C. \^e\. ipn '■ B) ® B ^ D and qd : D ^ D ® D he \h.e 
morphisms defined in Proposition 14.11 Then the following assertions hold: 

tD,D o {ipD (E)D) = {D(^ ifo) o {tD,D (®D)o{D0 tD,D), (145) 

tD,D o{D(^ ipD) = {(pD (E)D)o{D(^ tD,D) o {tD,D «> D), (146) 

{qd (8)D)o tD,D = {D® tD,D) o {tD,D C^ D) o {D (g) Qd), (147) 

{D (g) qd) o tD,D = {tD,D ®D)o{D(g) tD,D) ° {qd ® D), (148) 

t'D,D ° i^D (8)D) = {D(E) <fD) o {t'D,D (S)D)o{D^ t'o^o): (149) 

t'j^j^ o{D® <fD) = {fD ®D)o{D® t'^jj) o {t'^jj (g D), (150) 

{qd ®D)o t'j^jj = (D (g 4_^) o (4^^ «) D) o (D (g qd), (151) 
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{D qd) o t'jjjj = {t'ojj (^D)o{D^ t'j^jj) o {qd (g) D). (152) 

Proof. We write by way of example the proof for (|149p ; the others being analogous. 
*D,D ° i^D ® D) 

= {D® fio) o {t'j^j^ (g) iid) o{D(g) t'j^j^ (g) \d) o {D (g) D t'jjjj) o{D® tD,D «> D) 
o{6d g!)D(g)D) 

= {D(g) ifo) o {t'jjjj (g)D)o{D(S) t'j^j^). 
The first equality follows by (|2ip and by [[2j, Proposition 2.12]. The second one is a consequence 
of®. D 

Proposition 4.4. Let D be a WBHA in C. Let ifn ■ D ig) D ^ D and go : D ^ D i^ D he the 
niorphisnis defined in Proposition 14.11 Then the following assertions hold: 

ipD°{Dg)ipD) = y^Do{fJ-Dg) D), (153) 

SnOifD = {l^D(^D)o{D(g)tD,D)o{{{llD(g>VD)o{D(E)tD,DglD)o{6D(E)6D))(E>XD)o{D(g)tD,D)o{6D(E)D), 

(154) 
{D (E) qd) oqd = {Sd (^D)o qd, (155) 

QD°^J'D = ifJ-D'S>D)o{D&D,D)°i{ifJ'D'^fJ'D)°iD&D,D'S>D)o{dD'S>QD))^^D)°{D&D,D)°{^D®D). 

(156) 

Proof. The proof for (I153p is similar to the one used to prove the idempotent character of a;|) 
removing in the equalities the morphism rjD ^ tjd ^ D. 
To see (fT54]) . using that D is a WBHA and (l32|), we have 

(/XZ) (g)D)o{D(S) tD,D) o (((/UD «) (fo) o{D(g) tD,D (E> D) o {6d 6d)) «) Xd) o{D(g) tD,D) 

o{Sd fS) D) 
= {jiD (g) /^d) o{D(^ tD,D (S)D)o (((/XD (g) i^d) o{D(g) tD,D (S) D) o {5d (8) Sd)) 

^{tD,D o (Ad Xd) o Sd)) o {D (g) tD,D) o {Sd (g D) 
= (a*d 'Si iid) o{D ® tD,D ^0)0 {(Sd o /xd) (g (Sd ° Xd)) o (D tD^o) ° {Sd fg) D) 
= Sd oifD- 
The proofs for (|155p and (|156p are analogous and we leave the details to the reader. D 

Proposition 4.5. Let D be a WBHA in C. Let w^, cj^ be the idempotent morphisms defined 
in Proposition 14.11 Then the following assertions hold: 

ipDo{D0Lo''D)=ipD, (157) 

{D (g) ud) oSdou}d = Sdo ud, (158) 

qdo{D(Suj'd) = QD, (159) 

OJd ° f^D ° {D 0UJd) = ^D° f^D- (160) 
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Proof. As in the previous results we prove (|157p and (|158p leaving the other equalities to the 
reader. The proof of (|157p is a direct consequence of (|153p . To check (|158p . first note that by 
(|157p the equality 

{D (g) ool)) o tD,D o i^D (S)D) = tD,D o {^D ® D) (161) 

holds. Then, composing in (|154p with rju D and D (^ uj'^ we have 

{D®uj%) o6Doujf) 
= {D(g> uj%) o (//£, (^D)o{D® tD,D) o {{{fJ'D «) (Pd) o (L> (g) t£»,£» (g)D)o {6o (g) 6d)) «) Xd) 

o{D tD,D) o {{6d o ??d) «> I?) 
= {flD (S)D)o{D(g) tD,D) o (((AiD (» V'd) o (-D (» tD,D t^ D) o {5d ^ fe)) Ad) o{D^ tD,D) 

o(((5d o??d) (^ D) 

D 

Notation 4.6. Let D be a WBHA in C. Let w^, (xjI) be the idempotent morphisms defined in 
Proposition 14.11 For x £ {a,c}, with Q^{D), p'f-, : D ^ Q^{D), if^ : Q^{D) -^ D we denote the 
object and the morphisms such that cof) = if) o pf, and idQxf£,\ = pfy o ij^^. 

Proposition 4.7. Let D be a WBHA in C. The following assertions hold: 
(i) The object 0,"'{D) is a left /^-module with action 

'Pn-iD) =PD°VDo{D^i'h):D^ 0"(D) ^ ^""{0) 

and a left L>-comodule with coaction 

Pn^(D) = iD(8) p'h) o5Doi'h.^''{D)^D® J^"(D). 

(ii) The object J7'^(D) is a left L>-module with action 

and a left D-comodule with coaction 

Qq.-{D) = {D® pdI oQDoih- ^^{D) ^D0 n^{D). 

Proof. We shall prove (i). The proof for the second assertion is analogous. 
Firstly note that 

PU'^iD) ° {r]D (S) ^""{D)) = pf) o w^ o i^ = idQaf^D). 

Secondly, by (|153p and (|157p , we have 

= pf) o ifD o {D (g) Lof)) o (D (g) ifj;)) o{D^D(E)ijj) 
= Pd o ifD o {D (g) ipo) o{D®D(^i%) 
= pI, o Iff) o {fi^ (g) D) o {D (g) D (g) if,) 
= V>n-{D) o(;UD(g^"P))- 
On the other hand, trivially (en '^ r2"(D)) o pQ^atj^\ = ido^atj^y Finally, by (|158p we have 

= {D(g) {{D (g) pfj) o 6n)) o{D(g) uj%) o 6d o cofj o i^, 
= {D(g) {{D pIj) o 6d)) o5Doi% 

= {6D^^''iD))op^a(^D)- 

D 
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Proposition 4.8. Let D he a WBHA in C. The following assertions hold: 
(i) The object {n'^{D),ipQa(^D^, pQa(^D)) is in gj^P. 
(ii) The object {^''{D),i}^c^o), Qn'^{D)) is in ^y^- 

Proof. First note that by (b3) of Definition II. 5| the properties of the weak operator tD,D and 
[[2], Propositions 2.11, 2.12], the following identities hold 

tD,Do{u}f)(g)D) = {D(g)uf))otD,D, tD,Do{D(g)U}f)) = {ojf)(g)D)otD,D, (162) 

t'D,D°i^D^D) = {D(^U}f))ot'Djy, t'o,D°{D'^U}D'') = {u}f)0D)ot'Djy, (163) 

VD,Do{ioh(^D) = {u;fj^D)oVD,D, Vd,d°{D®uj%) = {D®ujo)°'^d,d, (164) 

for X G {a.,c}. 

Following the notation introduced in 14.61 we get that the quadruple 

(^Q^ (D) ) Tq,:c P) , S^^ (D) ) S^:c (£,) ) , 

with 

r^-{D) ■■= (D (g) pf)) o tD,D o (if) «) D), r'^.i^D) '■= (Pd <» D) o t'j^j^ o {D if,), 
SQ-(D) := (Pd (8) £>) o tz),z) o (£) (g) if,), s^,(^) := (L» pf,) o i'^_^ o (if, O D), 

is a (0,^ {D) , D)-WO . Indeed, the equalities contained in (cl) and (c2) of Definition 11.91 are a 
consequence of (|162p and (|163p as well as the properties of tD,D and t'^ £,■ The proof for the 
identities of (c3) follows by (|17p -(|20 p and (|162p . (|163p . The eight equalities of (c4) follow from 
(1162p . (1163P and (b3) of Definition 11.51 Finally, (c5) is a consequence of [[2], Proposition 2.12]. 

For X = a we have that the quadruple (rQa(£)),r[^a,^w SQa(£)), s^^aj-^J is compatible with the 
module-comodule structure induced by the action (pQa/£)^ and the coaction PQarj^y To prove this 
assertion, by Definition 12. 2 1 for the action '^Q,aij^\ we must show the equalities 

rn'^{D) ° {fn^(D) <S) D) = {D (^ ^n'^{D)) ° {tD,D ® ^"{D)) o {D r^a^^o)), (165) 

r'^a^D) ° (D (S) <fn-iD)) = ifn^D) <S) D) o {D (^ r^„(^)) o (^^^ (g n^{D)) (166) 

and the analogous equalities taking tD,D, t'o d-> ^n'^{D) and s'^ai^)) instead of t'^ ^, tD,D> i"Qat£)\ 

and rQa(/5) respectively. The proofs for the four equalities are similar and then we only write one 

of them, for example (1166P : 

= {pd'' O £>) o t'jjjj o {D 1^ <fD) o {D CS) D (g) id") 

= {{pd" o ifo) (g)b)o{D® t'j^j^) o {t'j^j^ ® io") 

= i^n-iD) 0D)o{D(g r[^„(^p o {t'^^^® f^"(L')). 
In the last computations, the first and the third equalities follow by (I163P and the idempotent 
character of uj^. The second one is a consequence of (I150p . 
For the coaction PQai^,) — (^ ^P'h) ° ^D ° if) the proofs for 

{D (g) pn«(D)) ° rn-{D) = iiD,D (g ^"(I))) o{D(g) r^ai^D)) ° {Pn-{D) ^ D), (167) 

(Pn^D) ^D)o r^„(^) = {D(g> r[^„(^)) o (^^^ n^iD)) o (D ^ pn«(D)), (168) 

and the analogous equalities taking tD,D, *dd' '^^"(d) and s'^ai^) instead of t'^ d, tD,D, ''''na(D) 
and rQafjj-^ respectively, are a direct consequence of (|162p . (|163p . (b3-3), (b3-4), (|23p and (j24|) . 

Finally, the triple (fi"(D), c/?fja(£)),pQa(£))) is a left-left Yetter-Drinfeld module over D because 
it satisfies (yd3). Indeed: 

(/xz) (g n^iD)) o{D® rQa(£,)) o {{{pD (fnaf^D)) o {D (g tD,D ®D)o {Sd «> Pn^{D))) ^ ^d) 
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= (P-D ®Pd) 0(00 tD,D) o {({HD «) ^d) o{D(g) tD,D <E) D) o {5d ® fe)) ® \d) o {D ® tD,D) 

o^Sd Id) 
where the first equahty follows from (|157p and (|162p , the second one by (|154p of and the last one 



by (1158]) . 

The proof for the second assertion is similar and we leave the details to the reader. D 
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